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In 1], B.S. Razumikhin gave conditions for the stability and asymptotic
stability of the zero state of systems of ordinary differential equations involving
a fixed finite time delay. His conditions make use of Liapunov functions
defined on the finite~-dimensional state space rather than on the space of
functions continuous on the interval of delay; for methods involving functions
of the latter type, cf., for example, Yoshizawa [2].

In a recent paper [3], the author has used Liapunov functions of
Razumikhin type to give conditions sufficient for the stability of the zero
state of a system of ordinary differential equations involving an interval of
delay which becomes unbounded as t — -+ 00; an example of such a system is
an integrodifferential equation of Volterra type:

#(t) = G(t, x(t)) + f: K(t, s, 5(s)) ds, (1.1)

here and henceforth, #(t) = dx/dt, and x, G, and K denote functions with
values in R”, n-dimensional Euclidean space.

An example given in [3] and in the appendix of this paper shows that the
usual modifications which in the bounded delay case yield conditions sufficient
for asymptotic stability of the zero state do not work for systems like (1.1)
with an unbounded interval of delay. It is the purpose of this paper to give
conditions in terms of Liapunov—Razumikhin functions sufficient for asymp-
totic stability. The main idea of these conditions is that the effect of states near
i = 0 on the rate of change (the derivative of the state at ¢ > 0 should
decrease rapidly as ¢ increases.

We use the following notation and definitions: R = R!, with R" as previ-
ously defined; for x = (%, ,..., x,) and ¥ = (¥ ,....,,) in R*, we define
Xy =3, %9;,and | x| = (v x)!/2 For each t > 0, we denote by S,
the set {x,(-)} of functions continuous on [0, f] to R*. We observe that if x(s)
is a function continuous on [0, T) to R*, T > 0, and if ¢ € (0, T'), then x(s),
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s€[0, f] is a member of S, : here and henceforth, 7' = + o is allowed. We
call such an element x,(:} of S; a segment of x(s), s € [0, T).

For fixed ¢ > 0, let F(¢, ()) denote a function on §; to R*. We assume
that if x,(-) is the segment of a continuous function x(s), s {0, T), then
F(t, x(*)) is continuous on [0, T'). By a solution of

(1) = F(, x()), (0

we mean a continuously differentiable function x(s), s € [0, T'), such that (1)
holds for € (0, T'). We shall assume that if T < oo and x(s) is a solution on
[0, T") which cannot be continued in the usual way to the right of T, then x(s)
cannot be bounded on [0, T). This is essentially hypothesis (H;) in {3]; for
conditions on G and K in (1.1) sufficient that (H;) hold for this system, cf.
[4], Corollary 4, p. 98.

We denote by x(Z, x,) any solution of (1) such that %0, x,) = x, . We use
the usual Liapunov definitions of stability and asymptotic stability; for the
former, cf. [3], Definition 1, and for the latter:

DEFINITION. % = O is said to be asymptotically stable for (1) if it is stable
and if there exists a 7, > 0, such that | x| < 7, implies x(¢, x;) — 0 as
f— +00.

In what follows, V(¢ x) denotes a function continuous on R X R™ to R.
We assume that:

(a) There exist real-valued functions u(s) and o(s), continuous and
increasing for s > 0 such that #(0) = 9(0) = 0, and

w(lx) < V(@E %) <o(lx]) for t>=0, xeR (2)

(b) Let f(s) be a function continuous for s > 0 such that f(s) > s for
s > 0. Let x(¢) be a solution of (1) on [0, T) T < co. Then there exists a
number 7 > 0, and a function w(s), continuous for s > 0, w(0) = 0, and
w(s) > 0 for s > 0, such that the condition

Q) Vs, 2(s)) < f(V(e, %(2))) for sefty,t], t>0, where £ =
max([0, £ — r], implies

(i) Ve, () < —w(| 2@O);

here w(s) and 7 may depend on the solution x(f), as well as on V and f, and
Pt #(2)) = lim suplV (¢ + b, x(t -+ 1)) — V(t, )k

TurorReM 1. Let there exist functions V and f satisfying the conditions (a)
and (b) above. Then for each solution x(t) bounded on [0, o), x(t)—>0
as t— oo
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COROLLARY 1. If, in addition to the hypotheses of Theorem 1, x =0 s
stable for (1), then it s asymptotically stable.

COROLLARY 2. If, in addition to (2), (b) holds for any solution (not neces-
sarily bounded on [0, 0©)), then x = O is asympiotically stable for (1).

Corollary 1 follows easily from the theorem: all we need observe is that as a
consequence of the stability of » = 0 for (1), there exists a 7y > 0 such that
[ w(t, 2p)] << L for | x| <#g-

To prove Corollary 2, we observe if condition (b) holds for any solution
of (1), then this condition implies hypothesis (H,) of Theorem 1 in [3] which
states that for f, 17, and V as above, if x(s) is any solution of (1) which exists on
[0, £], t > 0, for which f(V(z, %())) > V(s, x(s)) for s € [0, £], then

v, x(t)) < 0.

Since the conclusion of Theorem 1 in [3] is that ¥ = 0 is stable for (1},
Corollary 1, and hence Corollary 2 follows.

Proof of Theorem 1. The proof is essentially the same as the one for the
case where the time delay is fixed and finite; we give it here for the sake of
completeness.

Let x(t) be a solution of (1) bounded on [0, co) and define

M = sup | x(£)].
>0
Let € > 0 be given; we may suppose € so small that #(e) << o(M). Then there
exists a number @ = a(¢) > 0, such that f(s) — s > a for s € [u(e), v(M)].
Let N = N(e) > 0 be the smallest integer such that (M) < u(e) + Na, and
define ¢; = u(e) + (N —j)a, j =0, 1, 2,..., N. We note that V{1, (1)) < ¢
for t = 0.

Suppose V(¢ a(t)) > ¢, for all t > 7. Then for any such #, o(} 2(¢)]) > ¢,
and hence | x(z)] = v7Y(e;) > 0. Also for such ¢, u(e) < V(¢ x(2)) < o(M),
so that

FV @& A(2) > V(E, %(t)) + @ > ule) + (N — Da + a = u(e) + Na.

But V(s, x(s)) << u(e) + Na for all s 2= 0, and thus also for se{t —#, 7],
t > r. Using (b) with j = 0, we conclude that

v, w) < (| 20), 1= ®)

Define py = v7ey), and y; = infyef, a3 @(s) > 0; it follows then from (3)
that

V(t, 5(1)) < Vir, 5()) — it — 1) < & — mlt — 1),

for all ¢ > 7. Since V(, x(t)) is never negative, this leads to a contradiction.
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So there exists a £, > 7 such that V(t, , x(8))) < e . If V({i,x{)) = ¢
for some #; > %, , we may suppose #; chosen so that V(¢, x(f)) < ¢ for
telt, , ), and it follows clearly that

V(t, a(f)) > 0. “

However,

fle =f(V(E, x(@)) > Vi, ah) e =a+a=c¢.
Since also V(s, x(s)) < ¢, for s € [{; — 7, #;], it follows from (b) that
V(i , 2(F) < —w() 2(#)) < 0.
This contradicts (4), so we must conclude that
Ve, x(t)) <e¢  foral t>=1. 5

Suppose V(t, x(f)) = e, for all £ >t . Then for t > #; + r, we have
7;([ %)) = a3, and hence | x(2) > 7)‘1(62) define p, = v7(¢,). Since
< V{2, %(8)) < ¢ fort = #, -+ r, it follows that for such 7,

FV @ x(0) > Ve, 2(@) + a = u(e) + (N — Da = ¢ = V(s, %(s))
for s € [t — 7, £]. So by (b) we have
Ve, (1) < —w(l D), =84 6)
If y, = infeg, v @(s), then y, > 0, and from (6) we have
Plt, () <Vt +raty +7) —yt— 6 —7r) < g+t —t —7).

But for # > # + r and sufficiently large, this leads to a contradiction. So
there exists ¢, > #; -+ 7 such that V(t, , #(t;)) < €, .

Suppose for some £, > &, V(i , x{1))) = 5, while V(, 2(f)) < e, for
te[ty, ty)- It follows that

Vit (F)) = 0. (7

However,
fle) =f(V (G, x(H) > V(ty,5(f)) +a =+ a=c¢.

But also V{(s, x(s)) < ¢ for s € [£, — r, #,]: this follows from (5) since for such
$, S =ty —7 =1 . So f(V({, (5)) > V(s, 5(s)) for self, —r, ], and
using (b), we obtain V(#, , x(£,)) < 0, which contradicts (7). So we must bave
V(t, x(t)) < efort =1t,.
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Continuing in this way, we get for j = 0, 1,..., N, that there exists #; such that
Vit, x(t)) < e for t > ¢, where t; >t; , +7, and £, = 0. But ¢ =
u(e): i.e., V{1, x(t)) < u(e) for £ == t5 . Thus for such 2, we have

u(| 2()]) < u(e),

from which we get | x(t)] < € for t > f . This proves the theorem.

In systems such as (1.1) and more generaily, (1), the solution is a function on
[0, T) to R* and the equation specifies the derivative of this solution for all
t € [0, T'). We can easily generalize our theorem to the case where the equation
still specifies the derivative of the solution on [0, T'), but where the solution
must be defined on [-—7, T') for some fixed r > 0, and where its derivative at 2
depends on the solution x(s), s€[—r, 1], €0, T). For example, we can
consider a system of type

$0) = £t ) + [ gt 5, 5(6)) d, (1.2)

where g is as in (1.1}, f(%, #) is a continuous function on R x C,, C, the
space (with the usual supremum norm) of continuous functions on [—r, 0] to
R~ and if x(¢) is a solution of (1.2) it must be continuous on [—7, T), con-
tinuously differentiable on (0, T"), and satisfy (1.2) there where x, denotes the
element of C, defined by x(¢ + 5), s€ [t — 7, {]. The part of the solution for
t € [—r, 0] can be regarded as the initial value for the solution. Thus we now
include systems which are referred to as functional differential equations
of retarded type, cf. [4], to which Razumikhin originally applied his method.

The following theorem applies to (1.2), and involves much stronger
conditions which are however more easily applicable to more explicit cases
of (1.2), as our final example will show.

THEOREM 2. Suppose that

(2,) there exists a funciion V on R X R” to R satisfying (a) and having
continuous first partial devivatives in all variables there;

(by) there exist functions f and w satisfying the same conditions as in (b)
except that w is also increasing;

(c) given ¢ > 0 and M > 0, there exists a k = k{e, M) > 0 such that

aV t—kr
o) a—f ot s, 0)ds <e for t>hr, |x]<M;
1]

and if x(t) is a solution of (1.2) satisfying

(1) Vi, z2() <fV(@t, =@) for t—kr <s< 8, 22 kR,
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then
%I«; [fm) + ft t_k,rg(f, s &) ds| + %—? < —u(] %(2))
Jor t > kr.

Then if x(t) is a bounded solution of (1.2), x(f) — 0 as  — -} c0.

oV ov ov
() 5= (6x1 T Oy, )

Proof of Theorem 2. Let e > 0 be given, and x(¢) be a bounded solution of
(1.2). Let N = N(¢) and ¢;, j = 0, 1,..., N, be as defined in the proof of
Theorem 1. Then using (c,), (i), there exists for each integer j, 0 <j <{ N, a
k; = kj(e; , M) such that

6V ~b—F;T
), 8Bs )& < wli(e)2 (8)
for t = kr and | x| << M = sup;>, | #(2)| : here o1 is the inverse of v
defined in (a).

As in the proof of Theorem 1, we wish to show that V(¢ x(t)) << u(€) = ey
for all ¢ sufficiently large. Since V(¢ x(¢)) < ¢, forall £ > 0, and ¢; > €;,4,
j = 0,..., N — 1, it follows that there exists a greatest integerj, , 0 < j, < N,
such that V(z, %(2)) < ¢;, for all ¢ sufficiently large. Suppose j, <N and
suppose that V(f, x(t)) > ¢ 4 for alt =r, = k; y1r sufficiently large. Then
as in the proof of Theorem |, we find that

Vs, #(s)) < f(V(t x())), t—ry<<s<t
and all ¢ > 7, sufficiently large. Using (c;), we then have

Ve, s(0) = o[£t + [ st a6

X

t—rg

+] ot 50 5] + 2
< —w(f 2(2)]) + w(@(<)/2
= —a( «(0))/2 (8.1)
for t > 7, and sufficiently large. Using this and the fact that
[2(8)] = v (jo) > 0

for such ¢, we obtain, as in the proof of Theorem 1, a contradiction.
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So there exists a Z, > 7, such that V(t, , 2(ty)) < € 41 - I V{5, %(2)) < €1
for t > t,, we contradict our choice of j, . So there exists a #, > 2, such that
V(Ey, #(f)) = €ja and V(Z, , %(£)) > 0. But as in the proof of Theorem I,
we find that f (V(t0 , %(E))) > Vs, x(s)) for &, — ry, < s < %, . As above, we

use (c,) again and find, as (8.1), that V(% , x(%,)) < 0, again a contradiction.

We can only conclude that j, = N, which essentially completes the proof of
Theorem 2.
As an example of this last result, we consider the system

#() = Ax(t) + it %) + | ol s, 5(5)) ds, (1.3)

where A is a real stable # X n matrix, % is a function continuous on R X C,
and satisfying | A(f, )| << pll¢ ||, where

¢l = sup : | $(s)l

sel—71.,0

and g(t, s, x) is continuous on R X R X R* for t > s = 0, and satisfies
|8t 5, 9 < K(t, o)l » | with

at
J K(t,5)ds >0 as t— o0
)

We show that for p sufficiently small, each bounded solution of (1.3) tends
to zero as t — -0,

Since 4 is a stable matrix, by a well-known result, there exists a positive
definite symmetrix matrix B such that B4 + ATB = —I, here A7 denotes
the transpose of 4 and I is the identity matrix. Define V' == Bx - x.

To show that (b;) holds for p sufficiently small, we observe first that there
exist positive numbers A and A such that 22 | x> < Bx-x < 42| % |* for
all xc R». If

p<N@IB|A), ©)

where | B} = Z:" iz1 | by |, B = (by), then there exists a ¢ > 1, such that
w < NQq|B14).

We choose f(s) == ¢%. Then for any positive integer & and any solution
x(t) of (1.3) such that

Bx(s) - x(s) < ¢*Bx(z) - %(2) for selt —kr,t], t=Fkr, (10)
we have clearly ¢24% | x(8)[2 > A || %, |%, t = kr. Thus
| Bx(t) - h(t, x)] < | B || 2(t)] p | %
<piBladls@Ph, ¢t >k (11)

505/16/2~7
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Fix py > 0 such that
@B A+ m) <1, (12)

then there exists a £ > 0 such that for £ > £,

J: K(t’ s) ds < Py -
Since
l ft t_m &(t, 5, %(s)) a’sl < f:_kr K(t, s) | x(s)] ds

b
< sup [a(0)] | K(t,9) s,
oclt—ler,£1 0

t > kr, and x(t) a solution of (1.3) satisfying (10), it follows that for such
k, t, and x(t),

l'ZBx(t) . f:_kr 2(2, s, x(s)) ds l < 294uy | B || x(2)|3/A (13)

If wedefinea =1 — 2| B[ gA(r + py)fA, and w(s) = as? we conclude that
(i) of ¢;) holds, note that (12) implies & > 0.

It remains to show that (i) of (c,) also holds; but this follows easily from the
fact that

JE—kr

t
J g(t, s, x) ds <]x|f K(t,5)ds—0 as t— o0,
0 0

Hence under the hypotheses given above on 4, 4, and g, if (9) holds, then each
bounded solution of (1.3) tends to zero as — -}-co.
A somewhat less restrictive condition on g which yields the same conclusion
is to suppose that | g(¢, s, ¥)| << K(¢, 5)| & | with
[7
f K(t,s)ds <p, for 30,
)

where p, satisfies (12), and that
t
[Kt+n9ds—>0 a5 7 oo, (14)
0

the limit being uniform for ¢ > 0. It is clear that (14) implies condition (c,);
we ornit the details.
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APPENDIX

Consider the scalar equation
(1) = —2x(t) + x(0). (1.3)
It is clearly of type (1), and all its solutions are of the form
x(t) = (1 + %) x(0)/2.

Clearly x = 0 is not asymptotically stable for this equation. However, if
we take V(t, x) = x%/2 and f(s) = 2s, we find that

Vaa(@(®) = —22%) + (2) x(0). (1.4)

If %(2) is a solution such that f(V(x(2))) > V{(x(s)) for 0 < s < ¢, ¢t > 0, then
clearly v2 | x(t)] > | x(0)}. It follows from (1.4) that for such solutions x(f)

V(l.:i)(x(t)) < (=2 + V2) x¥(1),

ie., V(g is bounded above by a negative definite function of | x(f)]. It
follows that while such a condition is sufficient for the asymptotic stability of
x = 0 for systems with a fixed finite delay interval (cf., for example, Theorem
11.2 in [4]), it is clearly insufficient for systems like (1).

This example also motivates condition (b) in the hypotheses of Theorem 1.
Loosely speaking, this condition says that if a solution x(t) of (1) ever is such
that F(z, x(t)) is too close to the supremum of (s, x(s)) as s ranges from
t — 7 to ¢ and £ > 7, then V(f, x(f)) must decrease as f increases. However,
if V{2, x(2)) is too close to the supremum of V{(s, x(s)) as s ranges from 0 to #,
then our example shows that a condition such as

V(t, x(t)) < —of] #(2))),

where o is continuous and positive definite, is not sufficient for asymptotic
stability of x == 0, even though such a condition implies that F(#, x(t)) must
decrease as ¢ increases.
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