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The question of the relative importance of coherent structures and waves has for a long time attracted a great
deal of interest in astrophysical plasma turbulence research, with a more recent focus on kinetic scale dynamics.
Here we utilize high-resolution observational and simulation data to investigate the nature of waves and structures
emerging in a weakly collisional, turbulent kinetic plasma. Observational results are based on in situ solar wind
measurements from the Cluster and MMS spacecraft, and the simulation results are obtained from an externally
driven, three-dimensional fully kinetic simulation. Using a set of novel diagnostic measures we show that both
the large-amplitude structures and the lower-amplitude background fluctuations preserve linear features of kinetic
Alfvén waves to order unity. This quantitative evidence suggests that the kinetic turbulence cannot be described
as a mixture of mutually exclusive waves and structures but may instead be pictured as an ensemble of localized,
anisotropic wave packets or “eddies” of varying amplitudes, which preserve certain linear wave properties during
their nonlinear evolution.

I. INTRODUCTION

The nature of weakly collisional, kinetic scale plasma tur-
bulence is presently one of the outstanding problems in space
and astrophysical plasmas, with important implications for the
turbulent heating of ions and electrons [1–4]. In resemblance
with a wider class of turbulent systems, such as rotating fluid
flows [5, 6] or turbulent surface waves [7], plasma turbulence is
often pictured either as a superposition of interacting waves or,
alternatively, as a collection of localized coherent structures [8].
A series of compelling questions emerge in this context such
as: Which of these two aspects, structures or waves, is more
essential and/or fundamental to the turbulent dynamics? And
also: Are waves and structures mostly exclusive to each other
and simply “coexist” in the turbulence or is there a deeper con-
nection between the two? In this paper we straightforwardly
address these open questions in the context of kinetic plasma
turbulence, where the topic of waves and structures is hotly de-
bated at present [9–18]. To this end, we introduce a set of novel
diagnostic measures, appropriate for the study of waves and
structures in a kinetic plasma, such as the weakly collisional
solar wind [19]. The general approach outlined in this paper
and the conclusions drawn from it are, however, not exclusively
limited to kinetic scale plasma turbulence and could be appli-
cable to a wide range of turbulent regimes and environments
where waves and structures can be identified [5–7, 20].

Different theoretical concepts have been considered to ex-
plain the properties of weakly collisional plasma turbulence
at kinetic scales below the ion thermal gyroradius. A com-
mon approach relies on the use of linearized kinetic equations
[10, 21–24]. The use of linear theory is motivated empir-
ically by the relatively successful history of the method in
observational studies and simulations, often showing reason-
able agreement with linear predictions even in strongly turbu-
lent regimes [13, 17, 25–29]. Theoretically, the motivation is
based on the premise of critical balance [21, 22, 30, 31]. This

assumes—to order unity—a balance between the characteris-
tic nonlinear (eddy turnover) and linear (wave crossing) time
in regimes of strong plasma turbulence. Complementary to
linear treatments, several authors have emphasized the role of
intermittency and the nonlinear generation of turbulent struc-
tures (e.g., [16, 32–34]), such as current sheets [14, 35–37],
Alfvén vortices [16, 38], or magnetic holes [39, 40]. Indeed,
in situ solar wind measurements [16, 36, 38, 41] and numer-
ical simulations [12, 15, 18, 32, 33, 35, 42] support the idea
that kinetic scale coherent structures emerge naturally as a
result of the turbulent cascade. Yet, it is presently not well
understood how these localized structures impact the global dy-
namics and turbulent dissipation, or the wavelike properties of
the kinetic cascade. Moreover, no general consensus presently
exists within the field regarding the question on the relative
importance of waves and structures.

Despite being of quite general theoretical interest, the topic
of kinetic plasma turbulence has seen a burst of activity only
recently due to the advances in state-of-the-art observational
and computational techniques. This includes, among others,
high-resolution, in situ solar wind measurements [13, 36, 43–
46], supplemented by massively parallel, first principles kinetic
simulations in three spatial dimensions [15, 17, 47, 48]. It is
anticipated that detailed studies of turbulence in the observa-
tionally accessible solar wind can provide valuable insight into
a wide range of turbulent astrophysical plasmas [19], such as
galaxy clusters [3, 49], accretion disks [1, 50], and the warm
interstellar medium [51]. Here, we combine the state-of-the-art
observational and computational approaches to examine the
relationship between waves and turbulent structures at kinetic
scales below the ion thermal gyroradius. Observational results
are based on solar wind measurements from the Cluster and
MMS spacecraft, whereas the numerical results are obtained
from an externally driven, three-dimensional (3D) fully kinetic
particle simulation. We jointly analyze the observational and
simulation data using a set of new diagnostic measures. In par-
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ticular, we introduce appropriate generalizations of so-called
spectral field ratios in order to study the interplay between
high-amplitude, intermittent fluctuations and wavelike proper-
ties.

In the following, we employ the generalized field ratios to
show that the large-amplitude localized fluctuations preserve
linear features of kinetic Alfven waves (KAWs) [10, 21–23]
to order unity. This result is obtained despite the fact that
the scale-dependent magnetic field and electron density fluc-
tuations each separately display signatures of non-Gaussian
statistics, typically attributed to the presence of coherent struc-
tures. Furthermore, an analysis of simulation data suggests that
the intermittency emerges mainly due to a mixture of sheetlike
and filamentary, pressure-balanced structures extending down
to electron scales. Based on quantitative evidence, we conclude
that the turbulent structures themselves may carry linear wave
signatures.

The paper is organized as follows. In Sec. II we briefly
summarize the linear KAW theoretical predictions. The meth-
ods employed are described in Sec. III. This includes a brief
overview of a new high-resolution 3D fully kinetic simulation,
a description of observational data, a summary of wavelet scale
decompositions, and finally, the generalized field ratio defini-
tions. Our main results are presented in Sec. IV. We conclude
the paper with a discussion and summary of our results in
Sec. V.

II. THEORY

We use the KAW turbulence theory [21–23] as the main
basis for making contact with linear predictions. This is
motivated by recent works on solar wind turbulence (e.g.,
[13, 17, 25]), showing reasonable agreement with linear predic-
tions for KAWs. The choice can be further justified a posteriori
based on our results which render known alternatives, such
as whistler wave turbulence [10, 52–54], less suitable. The
fluidlike equations underlying the theory of KAW turbulence
admit a natural normalization [13, 23, 55] for the magnetic
field (δb) and electron density (δne) fluctuations given by

δn′e =

[
βi + βe

2

(
1 +

βi + βe
2

)]1/2
δne
n0

, (1)

δb′⊥ =
δb⊥
B0

, (2)

δb′‖ =

(
2 + βi + βe
βi + βe

)1/2 δb‖
B0

, (3)

where n0 is the mean density, B0 is the mean magnetic field
strength, βi = 8πn0Ti/B

2
0 and βe = 8πn0Te/B

2
0 are the ion

and electron betas, and Ti and Te are the ion and electron
temperatures (measured in energy units), respectively. The sub-
scripts ⊥ and ‖ denote components perpendicular and parallel
to the mean magnetic field. The normalizations are such that
the KAW fluctuation amplitudes obey the following relations:∣∣δn′e∣∣2 =

∣∣δb′⊥∣∣2 =
∣∣δb′‖∣∣2 = E ′KA/2, (4)

where E ′KA =
∣∣δb′⊥∣∣2 +

∣∣δn′e∣∣2 is the KAW energy density
[23]. The above equalities form the basis for our identification
of kinetic-Alfvén wavelike properties [56]. The analytical ex-
pressions (4) are derived for a β ∼ 1 plasma in the asymptotic
limit

1/ρi � k⊥ � 1/ρe, k‖ � k⊥, (5)

where k‖ is the parallel wave number, k⊥ is the perpendicular
wave number, ρi is the ion thermal gyroradius, and ρe is the
electron thermal gyroradius [57]. We note that (4) is obtained
for a given Fourier mode but does not guarantee an analogous
relation in real space for systems populated by many KAWs
with different wave numbers. There exists, however, a second
linear relation which can be written in real space:

δn′e(r) = −δb′‖(r). (6)

The above is a result of a balance between the perpendicular
kinetic and magnetic pressures [22]. On the other hand, no
general linear relation, similar to Eq. (6), exists between δb′⊥
and δn′e (or δb′‖) in real space, although a spatial coupling
can be induced nonlinearly [32, 58]. Note that, in a single
KAW, the field-perpendicular magnetic fluctuations are simply
shifted in phase by 90 degrees relative to the density, owing to
the elliptical polarization of the KAW [22]. We do not restrict
ourselves here to the case of monochromatic waves with a well-
defined (single) wave number and frequency. On the contrary,
our main interest is the regime of strong turbulence, where a
wavelike description can be given in terms of localized wave
packets consisting of many different modes. From here on, we
drop the prime signs but it is to be understood that all fields are
normalized according to (1)-(3) unless noted otherwise.

III. METHODS

Below we describe the numerical simulation and observa-
tional data, the data analysis techniques, and introduce the
generalized field ratios. These aspects are essential for a com-
plete understanding of this work. However, those interested
only in the main outcome of the study may skip over to the
results in Sec. IV.

A. Driven 3D fully kinetic simulation

The simulation results are obtained from a high-resolution,
3D fully kinetic simulation. In contrast with the few existing
3D fully kinetic simulations of sub-ion range turbulence (e.g.,
[15, 17, 40]), we present here the first such simulation with
an external forcing. We perform the simulation using the
particle-in-cell code OSIRIS [59, 60]. The periodic domain size
is (Lx, Ly, Lz) = (18.9, 18.9, 48.3) di, where di = ρi/

√
βi

is the ion inertial length. The global mean field B0 points
in the z direction. The spatial resolution is (Nx, Ny, Nz) =
(928, 928, 1920) with 150 quadratic-spline-shaped particles
per cell per species. A reduced ion-electron mass ratio of
mi/me = 100 is used and the electron plasma to cyclotron
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frequency ratio is ωpe/Ωce = 2.86. To reduce particle noise,
the output fields used for the analysis are short-time averaged
over a window of duration ∆tΩce = 2.0, where Ωce is the
electron cyclotron frequency. Following Ref. [48], the forcing
is an adaptation of the Langevin antenna [61] and introduces
a time-dependent external electric current Jext. We apply
Jext at wave numbers (1, 0,±1), (0, 1,±1), (−1, 0,±1), and
(0,−1,±1) in units of (2π/Lx, 2π/Ly, 2π/Lz). The antenna
current is divergence free and drives low-frequency Alfvénic
fluctuations. To avoid a rapid transient response, we initialize
the fluctuating field at t = 0 to match the external current via
∇ × δb⊥ = (4π/c)Jext. We choose an antenna frequency
ω0 = 0.9 · (2πvA/Lz), where vA = B0/

√
4πn0mi is the

Alfvén speed, and the decorrelation rate [61] is γ0 = 0.6ω0.
The ion and electron velocity distributions at t = 0 are isotropic
Maxwellians with βi ≈ βe ≈ 0.5.

The approach towards a statistically steady state is depicted
in Fig. 1. The simulation is run for about 2.24 Alfvén tran-
sit times, tA = Lz/vA, until the kinetic scale spectra appear
to be converged. At the end of the simulation, the mean ion
and electron betas (based on their space-averaged local values)
are βi = 0.56 and βe = 0.51. The turbulence is strongly
driven such that δbrms ≈ L⊥/Lz ≈ 0.4 towards the end of the
simulation [Fig. 1(a)], where δbrms is the root-mean-square
fluctuating field in units of B0. This corresponds to critical bal-
ance (δbrms ≈ k‖/k⊥) at the forced wave numbers. The one-
dimensional (1D) magnetic energy spectrum as a function of
k⊥ ≡ (k2x + k2y)1/2 [Fig. 1(b)] exhibits an approximate power
law with a steepening of the spectral exponent close to electron
scales. The spectrum is consistent with solar wind measure-
ments, which typically show spectral exponents around −2.8
at sub-ion scales, while steeper exponents are measured close
to electron scales and beyond [43, 45]. In the inset of Fig. 1(b)
we show for reference the 1D kz spectrum. To further reduce
contributions from particle noise in the subsequent analysis,
we filter out the noise dominated modes with kzdi > 12 [62].

Employing the method of Cho and Lazarian [55], we con-
sider in Fig. 2 the anisotropy relative to the local mean field.
The sub-ion range anisotropy, k‖(k⊥), is scale-dependent and
has a slope of approximately 1/3 on the logarithmic graph,
in agreement with a recent fully kinetic simulation of decay-
ing turbulence [17]. According to the asymptotic KAW the-
ory for a β ∼ 1 plasma [23], KAWs are expected to exist
for wave numbers with k‖/k⊥ � 1 and k‖di � 1. While
these values are not asymptotically small in our simulation,
the anisotropy curve is well within the range k‖/k⊥ < 1 and
k‖di < 1 at sub-ion scales. We also estimate the ratio of
linear (KAW) to nonlinear time scales [Fig. 2(b)], given by
χ = τL/τNL ≈ δb⊥,k⊥k⊥/(B0k‖) [21, 22], where δb⊥,k⊥
is a scale-dependent fluctuation amplitude obtained from a
sharp band-pass filter between k⊥/2 and 2k⊥ [17]. The ratio
of linear to nonlinear time scales is very close to unity around
k⊥ρi ≈ 1 and exhibits a slight decline throughout the sub-ion
range. As implied by this simple estimate, it appears that the
kinetic scale nonlinear effects are not any more significant
than linear physics even though the fluctuations are not small
compared to the background [Fig. 1(a)]. These circumstances
provide additional motivation for comparison with linear KAW

predictions.
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Figure 1. Time trace of the root-mean-square fluctuating mag-
netic field (a) and the 1D k⊥ magnetic spectra at times t/tA =
{0.66, 0.92, 1.18, 1.45, 1.71, 1.97, 2.24} in the simulation (light
green to dark blue). A −2.8 slope is shown for reference (dotted
line). The inset shows the kz spectrum. Particle noise dominated
modes with kzdi > 12 (vertical dashed line) are filtered out in the
subsequent analysis. The kz filtered k⊥ spectrum at t/tA = 2.24 is
shown with a red dashed line in panel (b). All components of δb are
normalized here to B0.
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Figure 2. Local anisotropy of the externally driven turbulence (a) and
the ratio of linear to nonlinear time scales (b). The 1/3 slope in panel
(a) is shown for reference. All components of δb were normalized to
B0 in the anisotropy calculation.

B. Spacecraft data

The solar wind data analysis is based on a 7 h interval from
the Cluster spacecraft [63] and on a 159 s interval from the
Magnetospheric Multiscale (MMS) mission [64]. These inter-
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vals were previously studied by Chen et. al [65] and Gershman
et. al [46], respectively. At the time of the measurement, the
Cluster spacecraft were in the free solar wind far from the
Earth’s foreshock, whereas the MMS spacacraft were in the
Earth’s magnetosheath but well separated from the bow shock
and the magnetopause. The mean plasma betas are βi ≈ 0.26
and βe ≈ 0.62 for Cluster and βi ≈ 0.27 and βe ≈ 0.03 for the
MMS interval. The analyzed data includes magnetic measure-
ments from Cluster [65] and the electron density and magnetic
measurements from MMS [46]. We convert the spacecraft
frame frequencies fsc to field-perpendicular wave numbers
using Taylor’s hypothesis [66]: k⊥ ≈ 2πfsc/v0, where v0 is a
characteristic velocity. We take v0 to be the magnitude of the
mean solar wind speed VSW for the Cluster interval. Given the
relatively small angle between B0 and VSW during the MMS
interval, we take v0 ≈ |VSW| cos(θ) for the MMS data, where
θ ≈ 76◦ is the mean angle between VSW and the wave vector
k, determined in Ref. [46] using the k-filtering technique. This
angle was found to be relatively constant throughout the entire
kinetic range. The inferred mean angle between k and B0, on
the other hand, was very close to 90 degrees [46]. To avoid
edge effects, we skip a certain amount of points at the edges
of the analyzed intervals when computing the wavelet based
diagnostics (see Sec. III C). In particular, we skip about 5 s on
each side of the Cluster interval and about 7 s on each side of
the MMS interval.

The MMS interval covers around 80 ion inertial lengths in
the field-perpendicular direction. This is too short to allow for
a statistically reliable analysis of intermittency and the results
are included here only for reference. Nevertheless, we still
use the MMS data in order to be able to analyze simultaneous
magnetic field and density measurements, which is crucial
for making direct contact with the KAW predictions, where
density fluctuations play a major role [13, 23]. Much longer
suitable intervals from MMS are presently not available [46].
While the MMS interval is shorter than the typical large scale
turbulence correlation time (e.g., [14]), the Cluster interval
features a relatively long continuous stream of measurements,
covering several correlation times. It is thus appropriate for
studying intermittency, albeit with the limitation that only the
magnetic measurements are available in this case.

C. Local scale extraction and generalized field ratios

The fields are decomposed locally among scales using 1D
and two-dimensional (2D) complex-valued, continuous Morlet
wavelet transforms [67–69]. The 1D transform is used for solar
wind time trace measurements, and the 2D transform is used
to analyze the simulation data at different x–y planes perpen-
dicular B0 = B0êz . The 1D and 2D wavelet basis functions,
ψ1D and ψ2D, can be represented explicitly in spectral space

as band-pass filters of the following form

ψ̂1D
s (k) = Θ(k) exp

(
−(k − ks)2

2(ks/k0)2

)
, (7)

ψ̂2D
s,φ(kx, ky) = exp

(
−(kx − ks cosφ)2

2(ks/k0)2

)
× exp

(
−(ky − ks sinφ)2

2(ks/k0)2

)
, (8)

where Θ(k) = 1 for k > 0 and 0 otherwise, k0 = 6 is a
parameter [67], ks is a characteristic wave number scale, and φ
determines the angle in the x–y plane. Additionally, we impose
ψ̂2D
s,φ(0, 0) = 0. The variable ks is related to the wavelet scale
s via ks = k0/s. For some field f(r), the Morlet wavelet coef-
ficients f̃s(r) at scale s are obtained from the inverse Fourier
transform of f̂ ψ̂s, where f̂ is the Fourier transform of f . The
set of wave number scales {ks} is logarithmically spaced and
we use 12 angular directions φ ∈ [0, π) for the 2D transform.
The results are later averaged over different angles. We de-
fine a local, scale-dependent fluctuation as δfs(r) = c1<

{
f̃s
}

,
where <{. . . } is the real part. Similarly, we define a local
power spectral density as Pf (ks, r) = c2

∣∣f̃s∣∣2/ks. The angu-
lar averaging of the local spectrum is performed after taking
the squared modulus of the wavelet coefficient [69]. The nor-
malization constants c1 and c2 may be determined based on
the exact parameters of the wavelet transform [67, 68]. We
leave these undetermined since our results do not dependent
on such constant prefactors in the definitions of δfs and Pf .
In the following, we drop the scale subscript s but it is to be
understood that all quantities are scale dependent.

We use the wavelet decomposition to define a new set of
statistical measures. In particular, we consider the spectral
field ratios, frequently used to study wave properties [10, 13,
25, 29, 70], and generalize their definitions to investigate the
impact of high-amplitude, turbulent structures on these ratios.
Two sets of generalized ratios are defined. The first set is based
on the scale-dependent moments [71] of the fluctuations:

(
〈|δne|m〉
〈|δb⊥|m〉

)2/m
,

(
〈|δne|m〉〈
|δb‖|m

〉)2/m

,

(〈
|δb‖|m

〉
〈|δb⊥|m〉

)2/m

,

(9)

where m is the order of the moment and 〈. . . 〉 represents a
space average. An additional angular average is performed af-
ter taking the space average when using 2D wavelets. The paral-
lel and perpendicular fluctuations are defined here everywhere
relative to the local mean field Bloc as δb‖ = δb ·Bloc/|Bloc|
and δb⊥ = (δb2− δb2‖)

1/2 [26, 72]. The local mean field is ob-
tained from a Gaussian low-pass filter with a standard deviation
σs = ks/k0 in spectral space. Once the parallel and perpen-
dicular components have been determined, we normalize the
fluctuations according to (1)-(3). Form = 2 the moment ratios
yield the standard spectral ratios, defined in terms of the 1D k⊥
spectra. On the other hand, for m > 2 the averaging becomes
progressively more sensitive to the fluctuations at the tails of
the probability distribution function, thus giving insight into



5

the dependence of the ratios on high-amplitude events. We
consider moments up to m = 6.

Caution is needed when computing high-order statistics from
finite data sets, since the tails of the probability distribution
function may not be sufficiently sampled [73, 74]. For ex-
ample, an estimate of the maximal moment mmax that can
be determined accurately, based on the method presented in
Ref. [73], yields typical values of mmax between 3 and 4 for
the Cluster interval (with N ≈ 6.3× 105 samples). To obtain
more reliable estimates, we employ the scheme of Kiyani et
al. [74] (see also Ref. [75]) and remove a small fraction of the
largest fluctuations at each scale until the moments appear rea-
sonably converged. For Cluster we find that removing 0.005%
(i.e., about 30 samples) of largest fluctuations seems to be ad-
equate. For consistency, we clip the same small fraction in
the simulation when calculating the moments. Within the sta-
tistical uncertainties, the clipping does not significantly affect
the results and only makes it easier to recognize true statistical
trends. Due to the short duration of the MMS interval, the
0.005% clipping threshold has no effect and relatively large
fractions would have to be removed to make the moments well
behaved. Thus, no attempt is made to recover more reliable
estimates via clipping for the MMS interval.

The ratios introduced in (9) are global measures in a sense
that the average is taken over the entire volume. A more local
measure can be obtained via conditional averaging of the local
power spectral densities:

〈|ñe|2 |LIM > ξ〉
〈|̃b⊥|2 |LIM > ξ〉

,
〈|ñe|2 |LIM > ξ〉
〈|̃b‖|2 |LIM > ξ〉

,
〈|̃b‖|2 |LIM > ξ〉
〈|̃b⊥|2 |LIM > ξ〉

,

(10)

where LIM is the local intermittency measure [67, 76] and ξ
is the threshold for the conditional average. We scan a range
of different thresholds and study how the results depend on
this choice. The LIM is defined as the local wavelet spectrum
normalized to its mean at a given scale. Thus, LIM > 1 at the
locations where the power spectral density exceeds its mean
value. The LIM may be based on different quantities. We use
everywhere the same type of LIM so that all conditional aver-
ages are constrained to the same spatial locations. In particular,
we choose the LIM based on the KAW energy density (see
Sec. II): LIM ≡

(
|̃b⊥|2+ |ñe|2

)
/
〈
|̃b⊥|2+ |ñe|2

〉
. This appears

to be a reasonable choice given that the kinetic scale structures
carry both significant magnetic field and density fluctuations as
shown in what follows. For Cluster measurements, δb‖ is used
as a proxy for δne to obtain the LIM under the assumption of
pressure balance (6). The conditional averages may eventually
become energetically insignificant, since the averaging volume
shrinks with the threshold ξ. To focus on the conditional ratios
which are still of some energetic relevance, we require for any
averaging sub-domain to contain at least 1% of the total KAW
energy at that scale. Estimates not satisfying the condition are
omitted from the results. The typical volume fractions corre-
sponding to the 1% energy fraction are naturally much smaller
than 1%.

The generalized ratios (9)-(10) are compared against the
linear predictions (4). In the normalized units (1)-(3), linear

KAW theory predicts a numerical value of unity for all ratios
considered above in the asymptotic limit (5). From a theoretical
point of view, it is not at all evident if the linear predictions are
of any relevance for the generalized ratios, which are sensitive
to the local, high-amplitude fluctuations and structures related
to intermittency. The answer to this intriguing question is the
subject of this paper.

IV. RESULTS

We now turn to the main results of this work. First, we
characterize the statistical nature of fluctuations separately
for each field in terms of the scale-dependent flatness [71]:
F (k⊥) = 〈|δf |4〉/〈|δf |2〉2, where δf ∈ {δne, δb‖, δb⊥} rep-
resents a wavelet decomposed field (sec Sec. III C). For a field
with a Gaussian probability distribution, we have F = 3. Thus,
high values of the flatness above 3 characterize the degree of
non-Gaussianity, while a scale-dependence of F points towards
intermittency in the classical sense of the term as a departure
from self-similarity [77]. The scale-dependent flatness results
obtained from solar wind measurements and from the 3D fully
kinetic simulation are compared in Fig. 3. To illustrate the
statistical uncertainties, we add errorbars to the flatness mea-
surements. To obtain the errorbars, we calculate the moments
separately on a number of non-overlapping subsets and then
use these as input for a jackknife error estimate of the flatness
[78].
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Figure 3. Scale-dependent flatness results obtained from the simula-
tion (a), MMS interval (b), and the Cluster interval (c). Vertical dotted
lines mark the plasma kinetic scales and the horizontal dashed lines
mark the Gaussian value of 3.

As evident from the results presented in Fig. 3, the kinetic
scale fluctuations exhibit clear signatures of non-Gaussian
statistics with flatness values above 3. The departure from
Gaussian statistics is altogether largest in the Cluster inter-
val, which is to be expected considering that the 7 h interval
contains a very large sample of kinetic scale fluctuations. In
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agreement with previous works [44, 72], the Cluster statistics
are nearly scale-independent at kinetic scales. This is in con-
trast with the simulation where the flatness is scale-dependent
and only gradually increases above the Gaussian value with de-
creasing scale, presumably due to the finite simulation domain
size [79]. All three analyzed fields in the simulation exhibit
similar statistical properties, in agreement with the Cluster
results for δb⊥ and δb‖ below the ρi scale. It is worth pointing
out that a previous analysis of density intermittency in the free
solar wind [75] found δne flatness values comparable to our
Cluster results, which do not include the electron density. As al-
ready mentioned (see Sec. III B), the MMS interval is too short
to allow for a statistically reliable analysis of intermittency and
the results are included here for reference. This is confirmed by
examining the MMS flatness measurements, which are mostly
close to F ≈ 3 and behave somewhat irregularly as functions
of scale. The analyzed interval still includes, however, a few
scales where the statistics appear to be non-Gaussian.

Next, we inspect the spatial structure of fluctuations in the
simulation. The fluctuations in a given x–y plane are visu-
alized in Fig. 4. In Figs. 4(a)–4(c) we plot the fields in the
range k⊥di = [5, 10] by summing up the wavelet decomposed
fluctuations in that range [16, 41, 67, 80] using 8 logarithmi-
cally spaced scales. Note that k⊥di = 10 already corresponds
to the electron inertial scale de = 0.1di due to the reduced
ion-electron mass ratio employed here. The sub-ion scale fluc-
tuations seem to be comprised of a mixture of sheetlike and
filamentary patterns. A 3D inspection of the fluctuations (not
shown here) confirms that the structures are indeed elongated
in the field-parallel direction, consistent with the anisotropy
calculation presented in Fig. 2. A quite remarkable feature
seen in Fig. 4 is the excellent matching of the δne and δb‖
fluctuation profiles. Although not obvious considering the full
range of kinetic effects retained in the simulation, the latter
feature can be explained in the context of KAW turbulence as a
result of the perpendicular pressure balance (6). In Figs. 4(d)–
4(i) we compare the local spectra at k⊥di = 5 [Figs. 4(d)–4(f)]
and at k⊥di = 10 [Figs. 4(g)–4(i)]. The spatial distribution
of the spectral energy density is non-uniform and the peaks in
the spectra at different scales tend to be concentrated around
the same spatial locations. This local coupling across dif-
ferent scales is a characteristic feature of coherent structures
[38, 67, 76]. It is also seen that the non-uniformity increases at
smaller scales, consistent with the growth of the flatness with
k⊥ (Fig. 3). Finally, while the δne and δb‖ spectra match very
well, the local δb⊥ spectra match the former only in a rather
loose sense. This is as well consistent with our theoretical
expectations, since no general linear relation exists between
δb⊥ and δne in real space according to the KAW turbulence
theory (see Sec. II). The fact that an apparent weak coupling is
seen at all points towards the importance of nonlinear effects
in shaping the local fluctuations.

To further investigate the perpendicular pressure balance
(6), we compute the wavelet cross-coherence [38, 81, 82] be-
tween δne and δb‖ in the simulation and for the MMS interval,
using the 1D Morlet wavelet transform [68]. High values of
cross coherence close to unity indicate a strong local phase
synchronization between two signals. To directly compare
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Figure 4. Spatial structure of fluctuations in a given x–y plane in
the range k⊥di = [5, 10] (a)–(c), and the (normalized) local wavelet
spectra at scale k⊥di = 5 (d)–(f) and at scale k⊥di = 10 (g)–(i).
A logarithmic scale is used to better show also the fluctuations of
moderate intensity. Very weak fluctuations with amplitudes below 0.5
in the normalized units are clipped to the lower boundary of the color
map.

with spacecraft measurements we construct a 1D trace of simu-
lation data by mimicking a spacecraft fly-through with several
passings over the periodic box [83]. In particular, we choose
the direction n̂ = (0.949, 0.292, 0.122) and extract the fluctua-
tions along this given direction using cubic spline interpolation.
The results are compared in Fig. 5. Arrows are used to show the
phase between δne and δb‖. A strong phase synchronization is
seen at sub-ion scales of the simulation and of the MMS inter-
val. With most arrows pointing to the left in Fig. 5, the results
strongly suggest that δne and δb‖ tend to be anti-correlated
and thus fulfill the pressure balance prediction (6) to a good
approximation [84]. This conclusion is also in agreement with
previous works based on MMS data [46, 82]. We mention
that we also checked the coherence between δne and (different
components of) δb⊥. As expected (see Sec. II), δne and δb⊥
generally do not exhibit a strong cross-coherence (not shown
here). However, at rare times of high coherence we often ob-
serve a relative phase close to 90 degrees, consistent with the
elliptical polarization of the KAW.

Finally, we turn to the central subject of this paper and
present the generalized field ratios results. The generalized
ratios obtained from the 3D fully kinetic simulation and from
spacecraft measurements are plotted in Fig. 6. In Figs. 6(a)–
6(f) we show the moment ratios (9) and in Figs. 6(g)–6(l) we
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Figure 5. Magnitude squared cross-coherence and phase between
δne and δb‖ in the simulation (a) and in the MMS interval (b). The
orientation of the arrows (relative to the positive horizontal axis)
denotes the phase. Dashed lines show the cone of influence [68].

display the conditional ratios (10), conditioned on the local
KAW energy density (see Sec. II and III C). Dashed horizontal
lines denote the linear (asymptotic) KAW predictions (4). Dot-
ted vertical lines indicate the characteristic ion and electron
scales. The choice m = 2 or ξ = 0 for the moment ratios
and conditional ratios, respectively, yields the standard spectral
ratios. We mention that the maximal meaningful threshold
ξ (see Sec. III C) grows with k⊥ for the simulation and for
MMS data since the fluctuations become more intermittent
at smaller scales. The Cluster interval exhibits highly non-
Gaussian statistics for all k⊥ (Fig. 3) and thus allows for the
use of high thresholds over the whole range. The higher the mo-
ment m or threshold ξ, the more sensitive the ratios are to the
large-amplitude events. Note that the term “large-amplitude”
refers here to the locally enhanced fluctuations and power
spectral densities, compared to their scale-dependent mean
square values. Spatially, these intense bursts of local activ-
ity are not distributed incoherently but instead form distinct
patterns (Fig. 4), typically associated with turbulent coherent
structures. The locally enhanced, non-Gaussian fluctuations
go hand in hand with the non-uniform power spectral densities,
since it can be shown that the spatial variability of the energy
spectrum and the scale-dependent flatness are directly related
[85]. Higher moments assign smaller statistical weights to
the lower-amplitude background fluctuations in favor of the
large-amplitude events. Similarly, the conditional averages
discard the locations with a spectral energy density below the
threshold ξ and therefore measure the field ratios within the
most energetic structures only.

Altogether, we find a reasonable agreement with linear KAW
predictions as well as a good agreement between the simula-
tion and observations. Particularly good agreement with lin-
ear theory is found for the generalized ratios of δne to δb‖

[Figs. 6(a)–6(b) and 6(g)–6(h)], which are very close to unity
for k⊥ & 1/ρi, regardless of the order m or of the threshold
ξ. This is most likely a consequence of the pressure balance
(6), which we studied in the preceding paragraphs. It is in-
teresting to note that the ratios tend to converge towards the
KAW predictions below the ion gyroradius rather then below
the ion inertial scale. This is as well consistent with linear
KAW theory, where ρi is the relevant transition scale [22, 23].
A reasonable agreement with linear theory is also seen for the
δne to δb⊥ [Figs. 6(c)–6(d) and 6(i)–6(j)] and for the δb‖ to
δb⊥ [Figs. 6(e)–6(f) and 6(k)–6(l)] ratios. These two ratios
generally agree with linear predictions to order unity and the
most energetic structures exhibit a slight tendency to deviate
further from linear predictions [see Figs. 6(i)–6(l)], relative to
the total ensemble of fluctuations. This implies that kinetic
scale structure formation could be a reason for the order unity
quantitative deviations from linear predictions often seen in
observations and simulations. On the other hand, the devia-
tions attributed to large-amplitude events are altogether only
moderate, such that the generalized ratios remain in reason-
able agreement with linear predictions. Thus, the wavelike
features are not exclusively limited to low-amplitude fluctua-
tions but also carry over to the high-amplitude structures. The
agreement between the simulation and the Cluster and MMS
intervals suggests that this is an inherent property of the kinetic
turbulence rather than a feature specific to the relatively small
number of datasets studied here [86]. The observed order unity
preservation of linear wavelike properties in kinetic scale turbu-
lent structures constitutes the main result of this work, together
with the supplemental evidence presented in Figs. 2–5.

V. DISCUSSION AND CONCLUSIONS

In this paper we employ high-resolution observational data
and state-of-the-art computational techniques to study the rela-
tionship between wavelike physics and large-amplitude struc-
tures in astrophysical kinetic plasma turbulence. Observational
results are based on in situ solar wind measurements from the
Cluster and MMS spacecraft, and the simulation results are
obtained from an externally driven, 3D fully kinetic simula-
tion. Our results suggest—in a statistical sense—that the turbu-
lent structures themselves approximately preserve linear wave
properties. The presence of nonlinear structures is, however,
significant and may be a reason for the order unity quantitative
deviations from linear predictions often seen in simulations
and observations. Furthermore, the simulation results indicate
that the intermittency of magnetic field and density fluctuations
emerges mainly due to a mixture of pressure-balanced sheets
and filaments extending down to electron scales.

The novel analysis presented in this paper implies that the ki-
netic scale wavelike features and turbulent structure formation
are essentially inseparable from each other. As such, our results
challenge one of the presently common views of waves and
structures “coexistence.” The only known framework capable
of providing a reasonable theoretical basis for the interpretation
of our results appears to be the KAW turbulence phenomenol-
ogy [21–23]. Known alternatives, such as whistler turbulence
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Figure 6. Generalized spectral field ratios obtained from Cluster and MMS measurements and from the 3D fully kinetic simulation (see text for
further details). Panels (a)–(f) show the moment ratios (9) and panels (g)–(l) show the conditional ratios (10).

[10, 52–54], cannot explain our results [87]. In this context,
an interpretation similar to recent developments in magnetohy-
drodynamic turbulence [88–91] emerges. Namely, the kinetic
scale structures could be perhaps described within the frame-
work of KAW turbulence as the nonlinearly evolving “eddies”
of the wavelike turbulent cascade. The possibility that at least
a fraction of the sub-ion scale structures are sheetlike, as im-
plied by our simulation results (see also Refs. [28, 32]), lends
credence to recent works emphasizing the role of reconnection
in sub-ion scale turbulence [37, 92–95], which would require
the structures to be sufficiently sheetlike in order to reconnect.
In our present understanding, the results of this work do not
preclude the reconnection scenario and we intend to explore
this aspect in the future.

Finally, we mention that the general approach employed
here is not exclusively limited to kinetic range turbulence in
astrophysical plasmas and we hope it might find exciting ap-
plications in a broad range of turbulent systems where waves
and structures have been observed [5–7, 20]. An immediate
extension of the method lends itself in the context of inertial
range plasma turbulence, where it could be used to study the
interplay between structures and waves based on a generalized

Alfvén ratio [19, 96].
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