
7. Transport of Cosmic Radiatio n

The theory of electromagnetic radiation was first derived by James Clerk Maxwell in 1873 . He
showed that both magnetic and electric fields propagate in space and the velocity of propagation,
from purely magnetic and electrical measurements, was very nearly 3x10 8 m/s. Within the limits
of experimental error, this was equal to the velocity of propagation of light. Within fifteen years
of Maxwell's discovery, Heinrich Hertz succeeded in producing electromagnetic radiation a t
microwave frequencies by installing a spark gap (an oscillating high-potential arc discharge acros s
two conductors separated by a short gap) at the center of a parabolic metal mirror . While the
induction field was significant in Hertz's measurements (1 .5 m transmitter-receiver separations) ,
Gugliemo Marconi succeeded in demonstrating true electromagnetic energy transport, first a t
separations of 9 meters, then 275 meters, then 3 kilometers, and then, in 1901, across the Englis h
Channel . Finally, in 1901, Marconi's transmissions bridged the Atlantic Ocean—a distance o f
3,200 kilometers.

Like radiation at optical wavelengths, that can be decomposed into a spectrum of constituen t
components (reds to violets) by aprism or grating, radiation at other wavelengths is also resolvabl e
into a spectrum, another discovery by Hertz who showed that electromagnetic waves possesse d
all the properties of light waves—they could be reflected, refracted, focused by a lens, an d
polarized .

The electromagnetic spectrum corresponds to waves of various frequencies and wave-
lengths, related by the equation A,f=c, where c = 3x108 m/s is the free space velocity of light. In
principle, it was found that knowledge of the radiation pattern recorded by an antenna system, an d
the distribution of the radiation in a frequency spectrum, could give precise information about th e
distant source of the radiation—its location, size, mechanism, energy, etc.

However, a complication arises when the propagation medium is no longer free space, bu t
instead is plasma . The plasma may be dilute—such as the interstellar or intergalactic medium
(Chapter 1), or it may be dense—for example, pinched plasma filaments that may even be th e
source of the radiation (Section 6.5). In both cases the properties of the radiation are altered, in the
dilute case over long propagation distances and in the dense case over short propagation distances .'

The first complication results from a modification of the wavelength-frequency relation ,
)f=c/n, where n is the refractive index of the plasma (Appendix B) . Since n depends on the wav e
frequency, magnetic field strength and orientation, plasma temperature, plasma constituency, an d
collision frequency, these parameters must be taken into account when an attempt is made to
unfold the nature of the distant sources such as those responsible for the spectrum shown in Figur e
1 .24 . Additionally, linearity is no longer preserved if the wave field E is intense enough to modify
the physical properties of the medium through which it propagates, by accelerating the plasm a
electrons and ions which may then collide with neutrals to heat the medium (e .g., Section 1 .2.5) .
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7 . Transport of Cosmic Radiation

This chapter starts with an outline of the mathematical description of energy transport i n
plasma. This is followed by a description of geometrical optics in radiation transfer—its appli-
cations and limitations . Blackbody radiation, the source function, and Kirchoff's law are covere d
for the case of Maxwellian particle velocity distributions, and the classical definition of radiatio n
temperature is given. The absorption of radiation by plasma filaments, the large-scale rando m
magnetic field approximation, and the generalization of radiation transport to anisotropic velocit y
distributions, finish the chapter .

7.1 Energy Transport in Plasma

A power-energy conservation relationship may be developed by expanding the divergence of the
vector product E x H, and using the Maxwell–Hertz–Heaviside curl equations (1 .1) and (1 .2) to
obtain

V (E

	

+ atD
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Equation (7.1) is in the form of a conservation theorem and can be recast in the for m

• S+at (w E , .+wE+wB)= 0

where

S = E x
r

H

	

is the Poynting vector,

wE . j = ! E • j dt

	

is the particle energy density in the fluid approximation,

wE = z E
E2

	

is the electric field energy density, and

w B = 2 u H2

	

is the magnetic field energy density .

By applying the divergence theorem to Eq.(7.2), it is seen that the outward flux of thevector S from
a volume V is accounted for by a time rate of change within that volume of the electromagneti c
to mechanical energy conversion term plus the electromagnetic field energy density W E + we

fs

	

= - atJ
(wE .j+wE +wB)dV

v

(7 .1 )

(7 .2 )

(7.3)
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Although Eq.(7 .2) is rigorous at every instant of time, our interest will only be in the average d
quantities . Following a procedure outlined by Bekefi [1966, p . 10] utilizing the time and space
Fourier transforms of Eqs .(1 .1)-(1 .4), we obtain

ki • [S + iJ = wi (W B + wE+P + PE I

where ki and ur are the imaginary components of

k=kr+ik i

m=[O, .+i 0

and

S= 1Re(ExH* )
2

	

is the time-averaged flux,

	

(7 .7a)
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is the nonelectromagnetic energy flux of particle s

flowing coherently with wave,

	

(7 .7b)

is the time-averaged magnetic energy density ,
(7 .7c)

wE+p = 4 eq E* aaw E

	

is the time-averaged electric energy density plus

kinetic energy of particles coherent with wave, and
(7 .7d)

PE . = Eo E* (0)r Ka) • E is the time-averaged rate of power absorption .

(7 .7e)
The time-averaged Poynting vector S represents the flux of electromagnetic energy . The

quantity T is the nonelectromagnetic energy flux due to the coherent motion of the charge carriers .
In a cold plasma, where the charge carriers oscillate about fixed positions, T = O . In a hot plasma ,
bodily transport of density, velocity, and energy fluctuations by the free-streaming particles lea d
to finite values for T.

The dissipation of energy from the wave enters through the anti-Hermitian part of th e
equivalent dielectric tensor Ka = (K - K*) 12i . When the medium is not time-dispersive ,
w P takes on a more familiar form w E+P = ea E* • K • E .

Example 7.1 Total energy density of a transverse electromagnetic wave propagating in a n
isotropic medium. From Eq.(B .2), since Bo = 0, all diagonal tensor elements reduce to
K=P=1/w2 andEq.(7 .7d)i s

W E +P = 4eo I E 1 (1 +a)p' /Cpl)

	

(7 .8)

(7 .4)

(7 .5)

(7 .6)

wa= 4,uolH
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7 . Transport of Cosmic Radiation

Since H =eo/ µo n x E, where n is given by Eq.(B .7) and n2 = P Eq.(B.11) ,

wB = 4eoIE(1–cop /co2)

The total energy density is therefore

1
wB +wE+p = 2eo1 E 12

Example 7 .2 Total energy density of a longitudinal wave in warm magnetized plasma nea r
the second electron cyclotron harmonic .AtransverseelectmmagneticwaveE = Eei(k . r-wry

is incident on a warm magnetized plasma slab (Figure 7 .1). The propagation vector i s
k = z kx+ ky,andk / Icy= sin F, where is the angle of incidence, and the plasma extends i n
the x direction . Since the electric field of the longitudinal wave ispredominantly along its direction
of propagation, it follows from a simple geometrical consideration that in the plasma

EL
= – c

	

kx
Ey

(7 .10)to sin 4i

so that 1 Ex, >> 'EA Neglecting Ey , Eq .(7 .7b) can be written

(7 .11 )Tx = –(coeo / 4)(aKxx/akx) 1
E'1 2

The element Kx x of the dielectric constant in wane magnetized plasma is [Peratt and Kuehl 1972]

	

Kxx = 1– w	 + c2kx	 '''i'	 co2 	 3 v

	

cot –
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Differentiating Eq.(7.12) and inserting in Eq.(7 .11) gives the final result

2 c lc,
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)
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'

where the sign of Eq.(7 .13) has been reversed since the phase velocity is in the opposite directio n
from that assumed in the derivation of Eq.(7 .11).

7.1 .1 Group Velocity

The velocity at which energy in the wave propagates, the group velocity, is defined as

(7 .9)

(7.12)

(7 .13 )
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Figure 7.1. Incident, reflected, and transmitted wave vectors for a transverse electromagnetic wave obliquel y
incident upon a magnetized plasma.

total time—averaged flux
vg = time—averaged energy density

or, from Eq.(7 .7) ,

aw

	

+ Tvg=
ak w B + w E+ p

where

aw =Q aw +p aw + raw
ak

	

akX

	

ak y

	

ak,

The group velocity vector vg associated with the wave has a magnitude vg and a direction given
by the angles and i (Figure 7.2). In spherical coordinate s

w= w(k. 6, 0)

	

(7.17)

and Eq.(7 .16) is

aw aw

	

1 aw

	

1 aw=+--+tt--
OK

	

ak
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k sin 9 a(

(7 .14 )

(7 .15 )

(7 .16)
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7 . Transport of Cosmic Radiation

Y

Figure 7 .2. Coordinate system showing the propagation vector k and the associated group-velocity vector v s

=kvgk+0 vg e+ + Vg ®

(
ak)- 1

V
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_ ak ak - 1
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k vg0 k sin 0

	

(ak\_ l

The transformations Eq .(7 .19) can be simplified if an axis of symmetry Bp = z Bo is chosen .
Thus, ak/a(=0and

Vgk = vg cos (B —

Vge=—Vg sin(0 —

	

(7 .20)

and

(7 .18 )

(7.19)
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WHEEL LEMNISCOI D

ONE SHEET HYPERBOLOI D

Figure 73. Wheel lemniscoidal normal surface and partial construction of its one sheet hyperboloidal ray
surface . These shapes are representative of the compressional Alfvdn wave .

vg0 = 0

From Eqs .(7 .19) and (7 .20)

tan (0– =– vge_1 ak
vgk k (a9 w

where(9 – 4) is the angle between the direction of wave propagation k and the direction of energ y
propagation vg / vg . The differentiation of k in Eq .(7.21) is done at fixed frequency a x

Consider, for example, a wheel lemniscoid wave-normal surface (which is representative o f
the compressional Alfven wave) as shown in Figure 73 . One may use wave-normal surfaces to
frond the direction ofvg. Let the origin represent an instantaneous constructive interference maxi -
mum fora group of waves which are of the same frequency but which differ slightly in direction .
At a later unit time, the wave fronts which had passed through the origin will lie on the surfaces
which are perpendicular to and which contain the tip of the w/k radius vector. The new point of
constructive interference occurs where these wavefronts again coincide . The coinciding wave

(7 .21)
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fronts form an envelope for a second surface, which is called the ray surface when the mediu m
is nondispersive .

For dispersive media, only the direction of the wave is given correctly by the construction
of Figure 73 . One must then consider the constructive interference of waves not only with
different directions, but also with different frequencies, and the length of the v g vector is change d
acordingly.

Example 73 Whistler mode propagation through the ionosphere . A famous example of
group velocity relations in anisotropic dispersive plasma is furnished by the whistler mode .
Whistlers, which were first reported in 1919 by H . Bari hausen, are electromagnetic disturbance s
initiated by lightning discharges in the upper atmosphere, particularly the electromagnetic radia-
tion with frequencies of 300 Hz to 30 KHz. The waves cannot be heard directly but are converted
into audible sound waves of the same frequency by an audioamplifier . They are propagated from
one hemisphere to another in the ionosphere and follow the earth's dipole magnetic field lines. In
propagation through the ionosphere the group velocity is proportional to the square-root of the
frequency so that the received signal is a descending tone lasting a few seconds .

We write Eq .(B .10) in the for m

n2= 2(A—B+C)

2A —B t B 2 —4A C

Using the "quasi-longitudinal" approximatio n

0) sin4 9<< 40) 2 (1—P/0) 2 )2 cos2 9

in addition to the approximation

coI sin 29<< 2co 2(I—co/co i

we arrive at the quasi-longitudinal right-hand index of refraction equatio n

2w/ w
n 2 = 1 -

CO -

	 v
wt COS 9

In his analysis of this mode, Storey [1953] simplified Eq.(7.25) to obtain the approximate for m

2

n 2 = 1–

	

(Op

0) wyCOS 9

	

(7 .26)

which is valid where ~ tub cos 91 >> wl and when n2>> 1 . Thus, the frequency and gip
velocity are

(7 .22)

(7 .23)

(7.24)

(7 .25)
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	 wb cos 8= 2 c wbcos 8 (7 .26b)
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From Eqs .(7 .21) and (7 .26), tan (0— )
= 2

tan 8 . Solving for 4 gives

(7 .27 )_ tan-t sin 8 cos 8
1 + cos 2 8

The maximum possible value of 4 is found by differentiating Eq.(7.27) with respect to 8 and
setting it equal to zero. After some manipulation we find tha t

4,,,ra = tan- 1 2 - 3/ 2 = 19° 29'

where is the angle between the ray direction and the earth's dipole magnetic field lines . This
angular limitation on the group-velocity direction accounts for the tendency of whistlers to follo w
the lines of force of the earth's magnetic field. The frequency dependence of the group velocit y
accounts for the whistler's characteristic descending tone since the higher frequency component s
of the disturbance arrive first.

An example of a 500 Hz whistler-mode ray path obtained using a ray tracing program i s
shown in Figure 7 .4 [Kimura 1966] .

Figure 7.4. Example of 500 Hz whistler-mode ray paths, obtained from a ray tracing program, that illustrate s
how wave energy generated in the outer region of the plasmasphere can propagate across magnetic field line s
so as to fill the plasmasphere with waves.
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7.1.2 Time Rate of Decay of Wave Oscillations

The time-averaged rate of power absorption divided by the time-averaged electromagnetic energy
density in the waves gives the time rate of decay of the oscillations, that is,

T= PEj

	

s
WE+ w B -

An alternate way of expressing the time rate of decay and spatial absorption of a plane wave
is through the complex values of w [Eq.(7 .5)] and k [Eq .(7 .6)] . The relaxation time for the
oscillations is (-co;)-1 ; therefore the relaxation time for energy i s

=(-2coi ) —

	

s

	

(7 .29 )

Likewise, the spatial damping is (k 1 )- 1 ; therefore the absorption i s

ao, = 2 k ;

	

m-1

	

(7 .30 )

However, the absorption coefficient must be corrected to include the direction of wave propaga-
tion k with respect to its group velocity ac)/ ak . This correction is (Figure 7 .2)

aU,=2ki cos(0-) m-1

	

(7 .31 )

7 .2 Applications of Geometrical Optics

Geometrical optics assumes that the medium varies slowly with position and the scale lengthof
the variations is much longer than the wavelength of the radiation in the medium . The radiation
can then be considered as being transported along bundles of curves or rays (Figure7 .5) . In plasma ,
the various bundles may belong to the different characteristic plasma modes of propagation .
Nevertheless, unlike the mode conversion processes described in Appendix B, in geometrica l
optics the bundles do not interact with one another.

7.2.1 Basic Principle and Limitations of Geometrical Optic s

Consider for a moment a loss-free plasma (PE . j = 0) under steady state conditions (co = 0 ,
V

	

i k) so that Eq.(7 .4) may be expressed as

V

	

= 0

	

(7 .32)

The quantity F. is called the spectral flux and consists of both the electromagnetic flux and th e
flux of particles

(7 .28)
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Figure 7 .5. Bundles of rays emanating from a small source crossing an element of area da .

=S(a*+T(u>l

	

(7 .33 )

Since Eq .(7 .32) is valid for each possible mode supported by the plasma separately of any other

mode, the flux F0, is the total flux for a single mode.
The problem of flux flow is handled as follows. Let da be a small area in plasma whose

outward normal is along Bo. Each element of the source sends through da a tube of rays, and the
central rays of the tubes fill a cone of solid angle d-2. For a sufficiently small cone angle the fluxes
from the individual elements travel essentially in the same direction . If the sources are assumed
to radiate incoherently with respect to one another, the total flux is the scalar sum of the individua l
fluxes . The magnitude of this flux is then

dFr„

	

= dF~, cos = 10,(s) cos di)

	

(7.34)

where 1. is a constant of proportionality . The time-averaged power P. in the spectral range do),

crossing the elementary area da and confined to the cone dS2 is

dPc, = I4s) cos dQ dadun W m-2 stet- 1

	

(7 .35)

The scalar quantity /,, is known as the specific intensity of radiation or, simply, the intensity .
Ifm at a point is independent of direction, the radiation is isotropic .

To obtain the total flux crossing unit area da (Figure 7 .6), Eq.(7.34) must be integrated over
4n steradians:

= (

	

IG,(s) cos dig
0<F,«

(7 .36)
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7 . Transport of Cosmic Radiation

Figure 7.6. Vector diagram for radiation flowing across a small area da .

In radio astronomy the measurement of the flux takes place at a large distance from the radiating
body and, since the body subtends a sufficiently small solid angle at the position of the observer ,
Eq.(7 .36) can be approximated by

Fw
=o<

	

Ir (s)dQ
< n

Consider an infmtesimal volume element of the plasma in the form of a pillbox as shown in Figur e
7 .7 . A pencil with radiation intensity I.and solid angle da, enters one face at an angle 4, to the
normal i.'Ihe radiation in the outgoing beam of intensity I.+ dl. leaves within a solid angle dQ22 .

If the plasma is simple and slightly inhomogeneous, it causes a bending of the rays, so that 4 1 * 42 .
If the medium is also loss-free then, in accordance with Eq .(7 .35)

(Iw +d[w)cos 4 2 dQ22 dadm–IG,cos 4 1 df2 1 dada=0

	

(7 .37)

which is the energy conservation equation for radiation propagating along a bundle of rays . For
a simple plasma, Snell's law of refraction may be employed which state s

n sin = constant along the ray

where n is the real part of the refractive index Eq .(B.7) . We then find that

n 2 da cos 4 dQ = constant

(7 .38 )

(7 .39)
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da

Figure 7 .7. Radiation entering a small volume of plasma and leaving it after having suffered a small amount
of refraction due to a difference in refractive indices on the two sides of the elementary pillbox.

and from Eq.(7 .37) that

I,/n 2 = constant along the ray

	

(7 .40)

In magnetized, anisotropic, and inhomogeneous plasma, the rigourous solution of the ra y
trajectory problem is beset with the same basic difficulty of geometrical optics: the wavelength
must be short compared to the distance over which the refractive index changes appreciably . This
requirement is often violated in cosmic plasma, where transistion regions define abrupt changes
in plasma density, temperature, and magnetic field strength . In addition, plasma wave theory
shows that the refractive index may change rapidly even though the plasma density or magnetic
field changes gradually (Figure B.1).

Example 7 .4 Absence of a Brewster's Angle in anisotropic plasma . Referring to Figure 7 .1 ,
where E 1Bo, the sum of the incident and reflected waves at the plasma boundary may be written
as

Ey= ( 1 +P)c

	

(7.41 )

'l
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o
Hz = ( 1– p)

eo

	

(7 .42)

Within the plasma half-space, E.B0, so that the field is extraordinary and consists of component s
both perpendicular and parallel to k

E (x) = El cos r + Eli sin r

	

(7 .43 )

where , is given by Snell's law sin {i = n (x) sin i,. A relationship between El and E ii may be
obtained by briefly considering the case gi = O. In this case E, = E11 and E = El. From the vector
wave equation Eq.(B .9), S Ex– i D Ey = 0, or

E11=—i
[Ub	 wpliw6—wiE1
w wp / 0)b – u)) - 1

Since Eq.(7.44) is independent of coordinate rotation, it is valid at angle Substituting Eq.(7 .44)
into Eq.(7.43)

E (x) =E cos r — i (01'	
wp/(wb0))	 sin

	

e i[(n X) z —sin z g;] 'iz ~
x

y

	

1

	

fi

	

w c~2 /(wb –w2~

	

rJ

	

(7 .45 )

Hz(x) _ xn yl e i [(n X)Z-sin2 J1/2 i x
l :

The two unknowns p and r = El are obtained by matching Eq.(7.41) and Eq.(7 .42) to Eq.(7 .45)
and Eq.(7.46) at the vacuum-plasma interface. We obtai n

sin (r + 4i)cos (4r — 4i)+ i ( w / o )[a/(a–1)]sin2

	

(7 .47 )

2 cosi sin r
sin (r + ) cos gr – + i (w/ alb) [a/(a–1)] sin2

	

(7 .48 )

where a = [o
2 / ( 2 –4. When coo =O,Eq.(7.47)reduces to the well-known Fresnel equation fo r

reflection from a dielectric with E in the plane of incidence [Slater and Frank 1947] . For alb =0,
we may therefore have p= 0 at the "Brewster angle," but if cot, � 0, Eq.(7 .47) shows that p never
vanishes, so there is no "Brewster angle" for anisotropic plasma .

Example 7 .5 Absorption due to collisions. Collisional effects such as wave damping caused by
particle interactions can play an important role in the propagation of electromagnetic wave s
through cosmic plasma . For example, collisions are particularly important for longitudinal wave

(7 .44)

(7 .46)

cos gi+	 sin (fit–+ i (w/wb)[a/(a– 1)] sine 4,
P =

T=
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propagation because of their slow group velocity. Collisional processes become important for th e
propagation of an extraordinary wave near a resonance .

The effect of collisions can be included in the formulation of Example 7.4 with the frequency
replacement Eq.(7 .6) (this is usually carried out in the derivation of the current density j) . The
quantity ah is considered a "collisional frequency" [Kuehl, O'Brien, and Stewart 1970] whos e
magnitude is determined by the type of particles in collision . With this substitution, the absorption
is

am=1– 1 p 1 2 -ITS

	

(7 .49)

None of the wave conversion, wave matching, or collisional damping carried out in Examples 7 .4
and 73 exist in geometrical optics . Nevertheless, in spite of the inadequacies of the procedure,
especially at longer wavelengths, we shall continue to confine ourselves to applications of geo-
metrical optics .

7.2 .2 Equation of Transfer

In the presence of dissipation, Eq .(7.32) takes the form

v F' m = [P.-Dm

	

(7.50)

where (PE . 1 )m represents the spectral density of p E 1(t) . The effect of dissipative processes is the
appearance of absorption which, in the geometrical optics formalism, is described by

– am ds I(„ cos dQ2 da dw

	

(7.51 )

The pillbox is also a source of radiation. For an emission coefficient j. Eq.(6.85), the power
generated is

jmds cos dS2 da dco

	

(7.52)

Summing Eqs .(7 .51) and (7 .52), placing the sum on the right-hand side of Eq .(7 .37), and using
Eq .(7.39), leads to the Equation of Transfer'

ri2ds~n2 =–amlm+jm

	

(7 .53)

All quantities of Eq .(733)refer to one mode of propagation and there are as many first-orde r
differential equations like Eq.(733) as there are characteristic modes in the plasma.

The following are special cases where the solution to Eq .(7 .53) is simple:

(1) Emission only: a= 0
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n2 -d
VI = j

(2) Absorption only : j.= 0

Iu,(s) I°,(so) + r S Jw ds
n 2 (s) n2(so) J

s0n 2

(7 .54)

d
1

n2 ds 2 -- awlw
n

I~,(s) Ia,(so)
exp

	

aa,ds)

n2(s) n2(so)

	

SO

	

1 (7 .55 )

(3) Thermodynamic equilibrium: For complete equilibrium of the radiation with its sur-
roundings, the intensity is described by the Planck function at equilibrium temperature T.

n 2

	

— = 0, 1
(0(S)

= Bo ( w , T)
11 n2fff

	

n 2 (s)

where Bo (w, T) is the Planck law (Section 7 .3) .
In general, to solve Eq.(7 .53) we define two quantities. The firs t

All
S0' - n 2 aw

is known as the ergiebigkeit or source function . The second is the optical depth

d'ra, = - eta, ds

In terms of these quantitites, Eq .(7 .53) becomes

d Iw_ Ir--S o)

drw n 2 n 2

The solution of Eq.(7.59) is obtained by first multiplying by e ry and then partially integratin g
over 'ref

f

rco(cO
dl~,/n 2

	

m(dlo, I w
I

m
e~m

}io

	

cis-
d zw = 2e rm

	

+
n

1 1'40

o

	

n

	

IoTj°Ze-r° d r 0) = (2_ S w
ln

e rm dig)

(7.56)

(7 .57)

(7 .58)

(7 .59)
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Tarn
n?Tw(0)e -r d(d – n2 T o,(sd e-0 = –

~

	

S o,e-
im dro,

o

or, finally,

Ids) 1a,(0)

	

r~(d
_

	

a-rm (d +

	

S o,e -rm dTc,
n 2(s)

	

n 2(0)

	

o

Because of the definition Eq .(7 .58), adecreases ass increases as shown in Figure 7 .8 . Thus if 1
is the length of the ray ,

T0, _ — ad,ds
(7 .61 )

Equation (7 .60) expresses the fact that the intensity is the sum total of the emission at all interior
points, reduced by the factor a -'rm that allows for the absorption by the intervening plasma, to whic h
must be added the intensity of radiation incident on the back side of the plasma, reduced by th e
absorption in traversing the plasma .

The emission at a given frequency has two characteristic regimes, depending on the value
of the total optical depth w o:

(7 .60 )

I~ (s + ds)

Figure 7.8. A ray passing through plasma. The optical depth Tin is measured from sa , the point of emergence of
the ray .
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(1)When m, << 1, the radiation seen by the observer suffers negligible absorption durin g
its passage through the plasma. The plasma is said to be transparent to the radiation .

(2)When Two 1, then 1w -4 n 2 S a, and the intensity depends on the refractive index and
the source function. The plasma is opaque. If the plasma is isotropic and in thermal equilibrium
such that T. = T, where Tis the true temperature of the radiators, the plasma emits as a black bod y
(Section 7 .4) .

Fora plasma of sufficiently large optical depth, most of the radiation seen by the external
observer Eq .(7 .60) comes from the outer layer of thickness -- 1 .

7 .3 Black Body Radiatio n

The spectral distribution of the radiation of a black body in thermodynamic equilibrium, for a
single polarization, is given by the Planck formula

811 3 C2 ehtu/ kT (7 .62)

or

which is plotted for various temperatures T in Figure 7 .9 . On integrating Eq.(7.62) over all
frequencies co (see e .g ., Reif [1965 Section A.11]), and multiplying by 2 to include both polar-
izations, we obtain Stefan's law for the total brightness of a black bod y

Bo (T) –
2N'k4T°

	

a	 = 6T
15 c2 h 3

	

(7 .63 )

where o'= 5 .67 x 10-8 W m-2 K' is the Stefan-Boltzmann constant.The frequency at which the
intensity reaches its maximum is found by solving the equation a Bo(w, T) /aw = 0. The final
result is

kT()max = 2 .82 2

w
=3.69x 10" I rad s °K - 1

T m a x

which is known as Wien's displacement law . Approximations to Eq.(7.62) can be found in the
following limiting cases.

(7.64)

(7.65)
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Figure 7 .9. Planck-radiation-law curves at various temperatures with frequency increasing to the right (adapte d
from J.D. Krauss 1986) .

(1)1t w<< kT : Rayleigh—Jeans law (long wavelength case )

z

	

Bo(w,T)=	 k T
8it 3 c2

This is the classical limit since it does not contain Planck's constant .

(2) it w>> kT . Wien's law (short wavelength case)

	

h.(.0

	

Ti ml k TBo (a), T)
= 8 >t3

c 2

10 8

1K

10 -1 0

-24

(7 .66 )

(7.67)
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7 .4 The Source Function and Kirchoff's La w

From the theory of spontaneous and stimulated emission [Bekefi 1966], the absorption coefficient
finds yet another definition:

aw=8~3c2

3
Pro(P')[f(P)-f(P~)]d311 '

n 2 1[ w

wherepisthemomentumcorrespondingtoenergyW - it w . Substituting Eq .(7 .68) andEq.(6.85b )
into Eq.(7 .57), gives

s

	

J P (P ')f(P ' ) d3 P '

Sw= n2 aw 87r

3 	
c2

	

Pw(p')[f(P)- .f(P')]d3P'
(7 .69 )

Equation (7 .69) is a form of Kirchoff s law for anisotropic, nonthermal plasma . When the particle
distribution is Maxwellian,f[p) is given by Eq.(6.89) and

[f (P) -f (p' )] = Cp e -(w-nd l kT _ Cpe -'lk T

=fl )(enw/kT_ i )

Hence, Eq.(7.68) becomes

3

(aw)Maxwellian= 8	 7r c2 (enw/kT 1) Pw(P lf(P) d3 p
n 1t

or, Prow the definition Eq .(6 .85b)

8 ir 3 c2( en w/kT_ 1 )Jw(awMaxwellian =—

	

1
n 2 it w 3

Using Eqs.(7.57) and (7.62), the source function for a Maxwellian distribution is

1

	

1
( S (0)Maxwell

	

p

	

= Bo( co, T)
n2 aw/Maxwellian

(7 .68)

(7 .70)

(7 .71 )

(7 .72 )

(7 .73)



JP(P')f(P)d 3 P '
k Tr= tr co In

(

	

.6')
d3p

111

	

(7 .74)
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Thus, when the particle distribution is Maxwellian, the source function equals the vacuum black-
body intensity Bo( co, T). The quantity Trefers to the temperature of the emitting electrons ; neither
the energy nor the distribution function of any other species of plasma particles enters int o
Eq .(7 .73). For example, the velocity distribution of streaming electrons or background (or collec -
tively accelerated ions) within the plasma maybe non-Maxwellian and their mean energy differen t
from the value 3 kT / 2 .

For tenuous plasma n -* 1 and Eq.(7 .73) reduces to what is generally considered to be th e
classical form of Kirchoff s law .

By analogy with vacuum black-body radiation we may write tha t
(n 2 tr co 3 / 8 rr 3 c 2) (elQ' /kT– 1)-1 , where the radiation temperature T now plays the role o f

the true temperature Tof equilibrium radiation. Equating this to Eq.(7.69) defines T:

It is noted thatT is a fictitious temperature and depends on the particle distribution, the frequenc y
of observation, and the direction of propagation .

7.4 .1 Classical Limit of the Emission, Absorption, and Source Functions

This book is primarily concerned with the classical range of frequencies it w << particle energy ,
and this limit is applied to the previous equations . We first consider the case in which f (p) i s
isotropic (i.e., a function only of p 2 = pz + py + pZ ) .

At our low frequencies of interest, we shall use the fact that the energy states of the particle
are closely spaced. Writing that p ' = p + dp and using Eq.(6.90) with the energy conservation
equation ,

W ' –W=irco

	

(7 .75 )

gives

WAW Irco W
d p =

	

_
c 2 p

	

c 2 p

We now expandf (p ') (p + dp) in a Taylor series and keep only the leading terms . It follows
that

f(p')=f(p )+ trw a,

	

(7 .76)
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Substitution into Eqs.(6 .85b), (7 .68) and (7 .69) gives the desired equations :

fro = J P0(p )f(P) d3p

_ 81r3C2

	

of (Y) 3a~

	

e
Po, (P )

n2 cu

	

aW

d p

This equation was derived by Trubnikov (1958) for n = 1 for the study of cyclotron radiation from
fusion plasmas . Often, Eqs.(7.77) and (7 .78) are expressed in terms of the distribution of energ y
rather than through the distribution of momenta. The two are related as follows :

dN =M4nr p 2dp = N (W) d W

with the result that

lm = fP0 (W)N(W)dW J m-3 s-t rafi t ster-n

8
3 2n

w
	 2

(_d
W

w 2) 1
W 2 P (W) d

w

From the definitions of S. and T we also obtain from Eqs .(7 .77) and (7 .78)

kTr= -

J
P.(P) (af (p) / aw) d3 p

so=co' k Tr
8,r 3 c2

Whenfis a Maxwellian distribution; T equals the .electron temperature T and S. is the Rayleigh -
Jeans limit of the Planck function.

(7 .77 )

(7 .78 )

J P0(p)f(p) d3 p

m-m

(7 .79)

(7 .80)

(7.81 )

(7 .82)

(7 .83))
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Figure 7 .10. Radiation intensity seen by an observer through two successive Birkeland currents of width L an d
distance S apart.

7.5 Self Absorption by Plasma Filaments

Cosmic plasma is often filamentary, caused by the electrical currents it conducts . Since thes e
currents are the source of synchrotron radiation, it is of interest tc determine the absorption cause d
by the filaments themselves. The problem at hand is illustrated in Figure 7 .10 .

We first consider the absorption of a single filament . Applying the initial condition
I Q,(U) = 0 to Eq.(7 .60), we obtain

IJs)

	

r„(d)=5 c ,(1 – e

n2 (s) (7 .84 )

Making the simplifying assumption that nz – 1 and using Eq.(7 .58),

(7 .85 )I~,I=S,(1–e-' ")

where 1,l is the intensity of a single filament of width L . If there are now two filaments a distanc e
S apart the radiation intensity seen by an observer i s

lai2= s a, (1 — e—2a„L)
(7 .86)

We have used the initial conditions for the second filament I ai2(s = L + S) = 1, 1 . Similarly, for
M filaments a distance S apart, the radiation intensity can be shown to be equal to

IoM=Sw(1–e MamL) -

	

(7 .87 )
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Note that the radiation intensity increased for largerMbecause of each additional filament curren t
source . If the plasma electrons in a current filament are in equilibrium with a Maxwellian distri-
bution, the absorption coefficient aG, is given by Eq .(7 .78) with n2 =1 . Substituting Eqs .(6 .66),

(6 .89), and (6 .92) into Eq .(7 .78), the absorption coefficient at 8 =1r/2 is [Trubnikov 1958 ]

2
am _

(OP E G m '[0/ wbpp)
wbC m

	

(7.88)

The quantities Om = ~m (w / wb µ) are defined by

gym _ 2R
5/2
	 m 2 4m 2_ (w/wy) 2 eµ(ml(mlmJ-1) A[mi(oiw, ]
(w/ wh o

	

(7 .89)

where it = mo c 2 / k T . The quantities Am = Am(Y) are given by Eq .(6 .80) .
The optical depth for M Birkeland currents is = aa,M L or

(wP
c

2

ob
	 L	

M

c

)
Tm =	

m

The spectral characteristics of the emission are contained in the function 0. Figure 7 .11 shows a

plot of F.bm for the first one hundred harmonics as a function of w'wb for T= 30 keV. This value
is typical of the thermal temperatures in a plasma filament but is appreciably less than the energie s
of particles in a relativistic beam. Only the extraordinary wave is considered; the contributions
from the ordinary wave are usually small.

The broadening of the individual lines is due to the relativistic change of mass. A given line

contributes only to frequencies co m cob with the highest energy electrons being responsible fo r
the emission at the lowest frequency . The smearing of the successive harmonics produces a n
almost monotonically decreasing spectrum at higher frequency . For T = 30 keV, m — 5 is the
harmonic above which smearing prevails .

To a fair approximation, the total intensity leaving the filaments i s

co*

	

3
1(8=>c/2)=_~ B0(w,T)do)=	 wb kT(m *) 3

0

	

24n 3 c 2

where m* = w* / cut is the harmonic number beyond which the emission effectively ceases to b e

black-body . An empirical relation for m* for mildly relativistic plasma has been derived by

Trubnikov [1958] ; and modified to the case of M filaments,

(7 .90 )

(7.91)
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Figure 7 .11 . Calculated spectrum of radiation emitted by a plasma with electron temperature of 30 keV . Self-
absorption effects are included .

	

(20co2
)LMT

	

(7 .92)

Equation (7 .92) is valid under the approximation m c 2 >> k T

Example 7.6 Number of filaments required to produce a blackbody spectrum up to 10 0
GHz. Consider filaments of density n ,=2x 10-3 cm', magnetic fieldBo =2.5 x 10'G, temperature
T= 30KeV, and width L=1021 m. From Eq.(7.92), m* = 1 .8 x 108, hence M=3 .4 x 1031 filaments
(Figure 7 .12) . This geometrical optics calculation neglects, of course, all possible reflections and
resonant absorption effects.

7.6 Large-Scale, Random Magnetic Field Approximatio n

Magnetic fields in cosmic plasmas are generally ordered on a global scale, possessing an overal l
axis of alignment with components that are delineable into recognizable metrics, such as toroidal
andpoloidal.Nevertheless, cosmic magnetic fields oftenpresentatangled, ahnostrandomappear-
ance on the size scale of interest for synchrotron radiation . Figure 1 .2 illustrates this situation in

10 -

10-

10-
0 . 0
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Figure 7.12. Number of filaments of average density n, cm' required to produce a blackbody spectrum to 100
GHz versus magnetic field . The graph pertains to mildly relativistic electron temperatures .

y) sin tY d
4 1r 0

	

1

a laboratory plasma where current filaments generally flow in a preferred direction but flare, twist ,
and kink to produce a total magnetic field which, for all practical purposes, is "random . "

In the following analyses, a particularly convenient assumption is that the magnetic field
lines are essentially uniform on a scale length which is large with respect to the radiating electro n
gyroradii rL, but randomly distributed on scales which are small compared to the size of th e
filament itself.

Previously we considered the case of a single magnetic field orientation B o= i Br .For this
case the spectral power radiated by relativistic particles was simply a sum of the different mod e
polarizations. In a completely random magnetic field, polarization is absent . The spectral power
is calculated by averaging the total spectral power for a homogeneous magnetic field Eq .(6.71 )
over all possible azimuthal and polar (helical-pitch) angles, and 0, respectively .

(
2x

P0,(w,y)= 1

	

d ¢

ix
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2

=	
e

	

( d $ sint9

	

dY K s/3(Y)

~87r 2 E0c y 2 0

	

x/sin0

e 2

	

CO

	

2 co

>~ 8n eo c
2

C 3 w
2 J s- 1 rad- 1

~'

	

b7'

where C (x) is the Crusius-Schlickeiser function, defined b y

C (x) = WO, 4/3(x) W 0,1/3(X) — W 1/2, 5/6(x) W4/2, 5/4X )

where W x, ~(x) denotes the Whittaker function . Based of the properties of Wx ,1 (x) for small and
large arguments [Abramowitz and Stegun 1970], assymptotic expansions of C(x) are

(7.95)

where ao= 2 4'3F2(1 /3) / 5tt = 1 .151275 . Figure 7.13 is a plot of Eqs.(7 .93) and (7.95) .

7.6.1 Plasma Effect s

The influence of a background plasma on synchrotron emission enters via the refractive index n .
Consider, for simplicity, the case of atransverse electromagnetic wave propagating in an isotropic

co

coc

Figure 7.13. Emissivity function as a function of normalized frequency attic . The dashed curves show the
asymptotic results [Crusius and Schlickeiser 1986] .

(7 .93 )

(7 .94 )

C(x)=C aox -2'3 x<< 1

x -l e' x>> 1
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plasma (Example 7 .1), n 2 = P = 1 - (op2 i 0.'2 Since n is less than unity the phase velocity
vph = w/k n = c / n ofthe waveis greater than the speed of light . All yfactors in the synchrotron
formulae that are due to retardation effects undergo the following transformation :

Y =O1-v 2 /vp2 hr1/2
=(1-n2 v 2 /c 2r1/ 2

For relativistic particles v = c and Eq .(7 .96) becomes

(1

	

2 2

	

2 1/ 2

y = y/t, t = 1+Y wp /co ~

The influence of an isotropic background plasma is manifested by the fact that y can be muc h
smaller than the usual Lorentz factory. In the plasma Eq .(6 .70) has to be changed

we -2 co r r3t—3=wc t—3

	

(7 .98)

Substituting Eq.(7.98) into Eq.(7.93) leads to

	 2	 f

	

~
P,,,(Y)

t~3 8 tr eo c 721 1 + (y wp IC
\3 coby L1 + (y wp23/) J s- 1 rad- I (7.99)

7.6.2 Monoenergetic Electrons

Consider the case of a monoenergetic distribution of relativistic electron s

N (W) dW = N (y) dY=Nos ( y- yo)dy

Substituting Eqs .(7 .99) and (7 .100) into Eq.(7.80), we find

.%w=JPw(W)N(W)dW=No 1 Pw(Y) s (Y-Ya dy

	 Noe2	 -_[1 +(Yowr
21 C l~r1

+(Yowv
21~~

1/38 N. eoc 7o2

	

w ] ,3 (0b301

	

w I /

(7 .96 )

(7 .97 )

(7 .100)

(7.101)
or
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ja=
d387rEcy2f

[1 +f~]C\go[1+f

where

co
yo w

P

3
Igo = 2 —

co
(Ob

P
Yo

Figure 7 .14 illustrates the behavior of the emissivity j w versus frequency f for various values of
go . The emissivity can be characterized according to the magnetic field/plasma density paramete r
go . For most cosmic plasma cob cop so that go >> 1 corresponds to highly relativistic of electron s
yo >> 1 . The spectra of Figure 7 .14 for large frequencies is typical of that generated by relativistic
electrons in the absence of plasma effects (c .f., Figure 7 .13) . This vacuum behavior extends down
to a lower frequency f = go ' 12 . The logarithmic bandwidth of /a, is [Crusius 1988]

dlogf=1 .5loggo

	

(7 .105)

The larger go, the larger the logarithmic bandwidth with its characteristic anisotropy aroun d
f=1 .

When go < 1 (cop> cob Yd, Figure 7.14 shows an exponential surpression for all frequen -
cies when compared to the case of go >> 1 .

The parameter go may also be written as

YR

	

(7 .106)

where

2 WP = 2 .1 x 10 -to /ne (mr
YR=3u0b	 B(T)

is called the Razin-Lorentz factor in a random magnetic field .

7.7 Anisotropic Distribution of Velocities

Only the energy conservation equation was used in the derivation of Eq.(7 .77) to Eq .(7 .83).
However, for an anisotropic distribution function, momentum conservation equations are als o
needed.

(7 .102)

(7 .103 )

(7.104 )

go= Yo

(7 .107)
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Figure 7.14 . Emission coefficientj,, as a function of the normalized frequency ffor g o = 0.2, 0.3, 0.5, 1, 10, 102,
10 3, and 104 [Crusius 1988] .

Let f (Pb PL) be the distribution of particle momenta where Pi and pi are the components
of p parallel and perpendicular to Bo, respectively. We assume for simplicity thatf (pi, pi) is

symmetrical about the Bo direction, namely, that there is no dependence off (pi, pi) on azimuthal
angle 0.

Again expanding f (p i , pi) in a Taylor series, we obtain



7. Transport of Cosmic Radiation

	

28 3

f (pH , P1) = f (Pu, p1) + ofu 4 Pn +
of 4 P1

	

(7 .108 )

The determination of 4 pi, 4 p1 requires use of Eq.(7.75) and the momentum conservation
equation for P i

p 11 —pu=n(B) cosB

	

(7 .109)

TheparametersA Pk 4 PIare obtainedfio n the conservation equations Eq .(7 .108) and Eq .(7.109)
with the result

Ap t' = 40) cos 'Ica)

171 4 P1 = W "— Pu n ( 9) cos0
fiw

	

(7 .110)

Using Egs .(7 .108) and (7 .110) and the fact that d3 p' - d p = 2 rr p1 dpi dp i l , the emis-
sion and absorption coefficients Eq.(6 .85b) and Eq .(7 .68) reduce to

Pw(pl,, Pl)f(PII, P1) 2 gp1 dpl dPi l

87C 3 c 2
aw = —

	

2

	

PjP I I, P1)
n 2 co

x W of —n(9) cos B (Pii
of — i of

c 2 aP1

	

c oP n c op
27r pldPl dP i i

	

(7 .112)

It should be noted that Eq.(7.112) contains both the ray refractive index n and the wave index n(B) .
When f is isotropic Eq.(7 .111) and Eq.(7 .112) reduce to Eq.(7 .77) and Eq.(7.78), respectively .

Equation (7.111) has found application in the study of radio bursts of synchrotron radiation
at decameter wavelengths from Jupiter for the special case n -* 1, 0 = rr /2 [Hirshfield and
Bekefi 1963].

Notes

' The discovery thatradio waves could"follow"the curvature of the earth caused O . Heaviside
and A. Kennelly to simultaneously suggest, in 1901, the existence of a plasma ionosphere whic h
would cause the waves to reflect or "skip" between the earth and this layer .

2 The operator d/ds represents s • V where s is a unit vector along the ray direction s.




