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with a single hidden layer. We assume that in each training cycle, each sample in the training set is
supplied in a stochastic order to the network exactly once. It is interesting that these stochastic learning
methods can be shown to be deterministically convergent. This paper presents some weak and strong
convergence results for the learning methods, indicating that the gradient of the error function goes to
zero and the weight sequence goes to a fixed point, respectively. The conditions on the activation function
and the learning rate to guarantee the convergence are relaxed compared with the existing results. Our
convergence results are valid for not only S-S type neural networks (both the output and hidden neurons
are Sigmoid functions), but also for P-P, P-S and S-P type neural networks, where S and P represent
Sigmoid and polynomial functions, respectively.

© 2010 Elsevier Ltd. All rights reserved.

1. Introduction

Artificial neural network has been a hot topic in recent years
in cognitive science, computational intelligence and intelligent
information processing. Backpropagation (BP) is the most broadly
used learning method for feedforward neural networks. It was
first proposed by Werbos (1974) in his Ph.D. thesis, and
has been rediscovered several times (LeCun, 1985; Parker,
1982; Rumelhart, Hinton, & Williams, 1986). There are two
practical ways to implement the backpropagation algorithm: batch
updating approach and online updating approach. Corresponding
to the standard gradient method, the batch updating approach
accumulates the weight correction over all the training samples
before actually performing the update. On the other hand,
the online updating approach updates the network weights
immediately after each training sample is fed. Some authors
compare the two different training schemes for feedforward neural
networks (Heskes & Wiegerinck, 1996; Nakama, 2009; Wilson
& Martinez, 2003). Heskes and Wiegerinck (1996) reveal several
asymptotic properties of the two schemes. Wilson and Martinez
(2003) explain why batch training is almost always slower than
online training (often orders of magnitude slower) especially
on large training sets. Nakama (2009) theoretically analyzes the
convergence properties of the two schemes applied to quadratic
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loss functions and shows the exact degrees to which the training
set size, the variance of the per-instance gradient, and the learning
rate affect the rate of convergence for each scheme.

There are three approaches for online training of BP neural
networks according to different fashions of sampling. The first
approach is OGM-CS (completely stochastic order): At each
learning step, one of the samples is drawn at random from the
training set and presented to the network (Finnoff, 1994; Heskes
& Wiegerinck, 1996; Terence, 1989; Wilson & Martinez, 2003).
The second approach is OGM-SS (special stochastic order): In each
training cycle, each sample in the training set is supplied in a
stochastic order to the network exactly once (Heskes & Wiegerinck,
1996; Li & Ding, 2005; Li, Wu, & Tian, 2004; Nakama, 2009). The
third approach is OGM-F (fixed order): In each training cycle, each
sample in the training set is supplied in a fixed order to the network
exactly once (Heskes & Wiegerinck, 1996; Mangasarian & Solodov,
1994; Wu & Xu, 2002; Wu, Feng, Li, & Xu, 2005; Xu, Zhang, & Jin,
2009).

Naturally, the existing convergence results for OGM-CS are
mostly asymptotic convergence with a probabilistic nature as the
size of training samples goes to infinity (Bertsekas & Tsitsiklis,
1996; Chakraborty & Pal, 2003; Fine & Mukherjee, 1999; Finnoff,
1994; Liang, Feng, Lee, Lim, & Lee, 2002; Tadic & Stankovic,
2000; Terence, 1989; Zhang, Wu, Liu, & Yao, 2009). Deterministic
convergence can be obtained for OGM-SS and OGM-F (Li et al.,
2004; Mangasarian & Solodov, 1994; Shao, Wu, & Liu, 2007; Wu
& Xu, 2002; Wu et al,, 2005; Wu, Feng, & Li, 2002; Wu & Shao,
2003; Wu, Shao, & Qu, 2005; Xu et al., 2009). It is interesting
to see that the learning method OGM-SS with stochastic nature
enjoys deterministic convergence. The convergence result is a
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bit easier to prove for OGM-F than for OGM-SS. But we have
reason to believe, and our experience shows, that OGM-SS behaves
numerically better than OGM-F since the stochastic nature of the
learning procedure survives in OGM-SS (Li & Ding, 2005; Li et al.,
2004).

To guarantee the convergence, it is commonly required that
the learning rate 7, satisfies the assumptions Zle Nm = 00
and ), n% < oo as in Bertsekas and Tsitsiklis (1996) and
Tadic and Stankovic (2000) for OGM-CS. An extra assumption
limy— 00 Mm/Nm+1 = 1wasintroduced by Xu et al. (2009) for OGM-
F. A special condition which is basically n,, = 0(1/m) was required
in Li et al. (2004), Shao et al. (2007), Wu and Xu (2002), Wu et al.
(2005), Wu et al. (2002), Wu and Shao (2003) and Wu et al. (2005)
for OGM-F and OGM-SS.

To obtain the strong convergence result, which means that
the weight sequence converges to a fixed point, Wu et al. (2005)
introduced an additional assumption: the number of the stationary
points of the error function is finite. A more relaxed condition is
used in Xu et al. (2009): the gradient of the error function has at
most countably infinite number of stationary points.

The aim of this paper is to present a comprehensive study on the
weak and strong convergence for OGM-F and OGM-SS, indicating
that the gradient of the error function goes to zero and the weight
sequence goes to a fixed point, respectively. These convergence
results improve the existing results in Li et al. (2004), Shao et al.
(2007), Wu and Xu (2002), Wu et al. (2005), Wu et al. (2002), Wu
and Shao (2003), Wu et al. (2005) and Xu et al. (2009) such that
the conditions on the activation function and the learning rate
to guarantee the convergence are much relaxed. Specifically, we
make the following contributions:

e The extra condition limy— 0 7m/Nm+1 = 1 for the learning rate
is removed which is a requisite in Xu et al. (2009).

e The convergence results are valid for both OGM-F and OGM-SS.

e The convergence results apply not only to S-S type neural
networks (both the output and hidden neurons are Sigmoid
functions), but also to P-P, P-S and S-P type neural networks,
where S and P represent Sigmoid and polynomial functions,
respectively.

e The restrictive assumptions for the strong convergence in Wu
et al. (2005) and Xu et al. (2009) are relaxed such that the
stationary points set of the error function is only required not
to contain any interior point.

e We assume that the derivative g’ of the activation function
is Lipschitz continuous on any bounded closed interval. This
improves the corresponding conditions in Wu et al. (2005),
which require the boundedness of the second derivative g”, and
in Xu et al. (2009), which require g’ to be Lipschitz continuous
and uniformly bounded on the whole R.

Let us make a few remarks on the above contribution points. For
the first contribution point, as an example, we recall a well-known
adaptive technique for the learning rate ny,: nm = (1 + @)nm—q if
the error is decreasing, and n,, = (1 — a)n,_, otherwise, where
a < 1is a positive number. Xu’s condition limpy_ oo m/Mmt+1 =
1 (Xu et al., 2009) is not valid in this case, while our convergence
results remains valid. For the second contribution point, it is
interesting to see that the learning method OGM-SS with stochastic
nature enjoys deterministic convergence. We observe that OGM-F
is actually a deterministic iteration procedure in that the iteration
sequence is determined uniquely by the initial value and the fixed
order of the samples. The convergence result is a bit easier to
prove for OGM-F than for OGM-SS. We have reason to believe,
and our experience shows, that OGM-SS behaves numerically
better than OGM-F since the stochastic nature of the learning
procedure survives in OGM-SS (Li & Ding, 2005; Li et al., 2004).
Our convergence results are generalizations of both the results of

Xu et al. (2009), which considers OGM-F, and the results of Li et al.
(2004), which considers OGM-SS with an unpleasant condition
nm = O0(1/m) on the learning rate. Our third contribution allows
the activation functions for both hidden and output layers to be
more flexible. Here we remark that typically, S-S type networks
are used for classification problems, and S-P type networks with
Sigmoid hidden neurons and linear output neurons are used for
approximation problems. The existing convergence results (Li
et al.,, 2004; Shao et al,, 2007; Wu & Xu, 2002; Wu et al., 2005,
2002; Wu & Shao, 2003; Wu et al., 2005; Xu et al., 2009) are
mostly for either S-S type or S-P type alone but not for both of
them. In this paper, we give a uniform treatment for all types of
networks. The fourth and fifth contribution points are mainly of
theoretical interest. From a theoretical point of view, we mention
that different analytical tools are employed in Wu et al. (2005) and
Xu et al. (2009) and this study for the convergence analysis, might
explain, at least in part, why different conditions are obtained
for the convergence. The differential Taylor expansion is used in
Wu et al. (2005), which requires the boundedness of the second
derivative g” of the activation function g; the mean value theorem
of integrals is employed in Xu et al. (2009), which requires g’ to be
Lipschitz continuous and uniformly bounded; and in this paper, we
use the integral Taylor expansion and hence require the Lipschitz
continuity of g’ on any bounded closed interval. Finally, we point
out that Xu et al. (2009) is a big step forward for the convergence
study of OGM-F and that Xu et al. (2009) also includes another
convergence result under the condition that the error function is
directionally convex. This convex condition is not considered in
this paper.

The rest of this paper is organized as follows. In Section 2, online
updating methods including OGM-F and OGM-SS are introduced.
The main convergence results are presented in Section 3 and their
proofs are gathered in Section 4. Some conclusions are drawn in
Section 5.

2. OGM-F and OGM-SS

Let us begin with an introduction of a feedforward neural
network with three layers. The numbers of neurons for the input,
hidden and output layers are p, n and 1, respectively. Suppose that

the training sample set is {¥/, O"H:] C RP x R, where ¥ and 0/
are the input and the corresponding ideal output of the jth sample,
respectively. Let V. = (v,-_j)nxp be the weight matrix connecting

the input and the hidden layers, and write v; = (v, vip, .. ., vl-p)T
fori = 1,2, ..., n The weight vector connecting the hidden and
the output layers is denoted by u = (uq, u, ..., u;)" € R" To
simplify the presentation, we combine the weight matrix V with
the weight vector u, and write w = (u’, v}, ..., vﬁ)T € R+,
Let g, f : R — R be given activation functions for the hidden
and output layers, respectively. For convenience, we introduce the

following vector valued function

C@=(@).8@),....g @),

For any given input X € RP, the output of the hidden neurons is
G(Vx), and the final actual output is

y=f(u-G(Vx). (2)

For any fixed weights w, the error of the neural networks is defined
as

VzeR". (1)

J J
E(w) = 2 (0 —f(u-GVx)))* = ) fi(u-G(Vx)), (3)
2

j=1 j=1

where fi(t) = 2(0' — f(1))?, j=1,2,....], t € R.The gradients
of the error function with respect to u and v; are, respectively,



W. Wu et al. / Neural Networks 24 (2011) 91-98 93

given by

Ey(w) = (0 —¥) f'(u- G(V¥))G(VX)

‘M\

1

J

Il
M\.

f{ (- GVx)))G(V¥), (4)
1

.
Il

Mg

Ey, (W) = (0 —¥)f (u- GV¥))uig (v - ¥)¥
j=1
]]
= ) [ GR))ug (vi - ¥)¥, (5)

j=1
where
Y =fu-GVx)), i=12,....,n;j=12,....]. (6)
Write
Ey(w) = (B, W), Ey,W)', ..., B, (W)")" | (7)
Ew(W) = (EsW)", Eyw)")" . 8)

First, let us consider the case that the training samples are
supplied to the network in a fixed order (OGM-F) in the training
process. Hence, starting from an arbitrary initial guess w°, we
proceed to refine it iteratively by the formulas

"t — g L Aju’"j”, (9)
";TUHH _ V;TUH + A;v:"”j, (10)
where
A]<l.lmj+j = In (Ok _ ym]—'kj, k)f/(ymjﬂ’ . Gr'n]+j, I<)ij+j, k

= —afy (0" G G, (11)

4 . . :
Akvl(n] J_ (Ok ymj+] k)f/(um]+1 . Gm]+j, k)
m_]+] /(vm]H k)xk

— _Tmek( m]+] . Gm]+j, k) m.]+] /(vm]“r} k)xk, (12)
Gm]+j~, k — G(vm]+jxk)’ yn‘l]+j, k =f(um]+] . Gm]+j, k)’
meN; i=1,2,....mj, k=1,2,...,]. (13)

Here the parameter 7, is the learning rate, whose value may be
changed after each cycle of the training procedure.

We can also choose training samples in a special stochastic
order (OGM-SS) as follows: For the mth training cycle, let

{xm 1 x™2 .. x™/] be a stochastic permutation of the set
{x'.x%, x!}. Similar to (9) and (10), the weights are iteratively
updated in the following fashion
wVHt — g + A}numj‘H, (14)
v = A, (15)
where
A;:'llm'H—J — 77m(ok _ ym]+J, m, k)f/(umj+} . GmJ+J, m, k)GmJ+], m, k
— _r]mfk/ (um]+j . Gm]+j, m,k) Gm]+j, m,k7 (16)
+j i, m, j i, m, +j
A;? :nj i (Ok _ym]+] m k)f/(umj+j .G m k) . ul(nj Jj
X g (vm]+J m,k)xm,k
— —77mf (um]+j . ij+j, m,k)
111]+J /(ij+j xrn,k)xm,k, (17)
Gm]+j, mk _ G(V"”Hx’”' k) ym]+j, m, k :f(um]+j . Gm]+j, m, k),

meN; i=12,....nj, k=1,2,...,J.  (18)

We mention that OGM-F and OGM-SS are also called cycle learning
and almost-cycle learning in Heskes and Wiegerinck (1996),
respectively.

3. Main results

Foranyx € R", we write ||x|| = ,/Zl” 1% 2 where ||-|| stands for
the Euclidean norm in R". Let 29 = {w € 2 : Ey(w) = 0} be the
stationary point set of the error function E(w), where 2 ¢ R"@+1D
is a bounded region satisfying (A3) below. Let £2; C R be the
projection of £2; onto the sth coordinate axis, that is,

Ros={ws eR: W= (wi,..., Ws, ..., Wnep41)" € 20} (19

fors = 1,2,...,n(p + 1). To analyze the convergence of the
algorithm, we need the following assumptions.

(A1) g’(t) and f’(t) are Lipschitz continuous on any bounded
closed interval;

(Az) NMm > 0, Z;io:o Nm = 00, Z?:O ﬂrzn <00

(A3) There exists a bounded open set £2 C R" such that {w™} C
2 (m e N);

(A3") There exists a bounded open set 2 C R" such that {u™} C
2’ (m € N), and the derivative of the activation function g
in (1) is uniformly bounded and Lipschitz continuous on R.

(A4) 20 does not contain any interior point for every s =
1,2,...,n(p+1).

Theorem 3.1. Assume that conditions (A1)-(A3) are valid. Then,
starting from an arbitrary initial value w°, the learning sequence {w™}
defined by (9) and (10) or by (14) and (15) satisfies the following weak
convergence
lim ||Ey (W™) || = 0. (20)
m—00
Moreover, if assumptions (A1)-(A4) are valid, there holds the strong
convergence: There exists W* € $2g such that
lim w" = w*. (21)

m— 00

Let us make three remarks on the convergence result: (1) We
claim that the weak convergence remains valid if the activation
function g of the hidden layer is a commonly used sigmoid function
and assumptions (A3’) (instead of (A3)) and (A2) are valid. This is
due to the fact that the sigmoid function g is uniformly bounded
on R and that (37) is valid even if the weight vectors v; (i =
1,2,...,n) are unbounded. (2) In the numerical analysis of an
iterative method for a class of nonlinear problems, the iterative
sequence is often required to be bounded in order to prove its
convergence. This is what we do in conditions (A3) and (A3’). We
mention that the weights will be automatically bounded in the
network training with the help of a penalty term (cf. Zhang et al.,
2009). (3) For the strong convergence, our condition (A4) on £2g
allows it to be finite set, countably infinite set, nowhere dense set
or even some uncountable dense set. Hence, the corresponding
assumptions that the set £2¢ contains finite points and at most
countably infinite points in Wu et al. (2005) and Xu et al. (2009),
respectively, are special cases of assumption (A4). This relaxed
condition makes it much easier to verify the strong convergence
in practice.

4. Proofs

For convenience of presentation, we present in detail the
convergence proof for OGM-F in the following Section 4.1. Then,
in Section 4.2, we briefly point out how to extend the result to
OGM-SS.
4.1. Convergence analysis for OGM-F

We first present four useful lemmas for the convergence
analysis.



94 W. Wu et al. / Neural Networks 24 (2011) 91-98

Lemma 4.1. Let q(x) be a function defined on a bounded closed
interval [a, b] such that q'(x) is Lipschitz continuous with Lipschitz
constant K > 0. Then, q'(x) is differentiable almost everywhere in
[a, b] and

ld"®)| <K, a.e.[a,b] (22)
Moreover, there exists a constant C > 0 such that

a(x) < q(xo0) + q (X0) (x — X0) + C(x — X0)*, Vxo,x € [a, b]. (23)

Proof. Since ¢'(x) is Lipschitz continuous on [a, b], ¢'(x) is
absolutely continuous and the derivative q”(x) exists almost
everywhere on [a, b]. Hence, for almost every x € [a, b],

. qx+h)—q®
m ¥ T = qX)

|a"Co] = |lim .
/ h) —d
— lim gx+h—qdx <K. (24)
h—0 h

Using the integral Taylor expansion, we deduce that
q(x) = q(xo) + ¢ (Xo)(x — Xo)

1
+ (x — x9)* / (1 —0)q" (X0 + t(x — xp))dt
0

IA

1
q(Xo0) + q' (Xo) (x — X0) + (x — x0)° / K(1—t)dt
0

q(xo0) + q' (x0) (x — x0) + C(x — x0)°,

K
(C = > X0, X € [a, b]) . O (25)

Lemma 4.2. Suppose that the learning rate n,, satisfies (A2) and that
the sequence {a,,} (m € N) satisfies a, > 0, anozo nmaﬁ1 < oo and
|aGm+1 — am| < wunm for some positive constants B and . Then we
have

lim a, = 0. (26)

m—oo

Proof. According to (A2), we know that n, — Oasm —
00. We claim that limy_, o infy-ra@n = 0. Otherwise, if a, =
limy_, o0 infyok am € (0, 00], then by the definition of the inferior
limit, there exists an integer M > k such thata,, > % > 0 for
m > M, which leads to

00 a\ P 00
> mdf, > (3) > i = oo (27)
m=0

m>M

This contradicts > -, mly, < oo and confirms the claim. Next,
we claim that limg_ o SUp,-;a@m = 0. Otherwise, there exists
§ € (0, 00] such that limy_, SUP,-;a@m = &. Then, for any
0 < & < &, we can choose two subsequences {a; } and {a;, } of
{am} to satisfy (1) ay, € (0, %), aj, € (¢,8); (2) i+ 1 < ji < iks1;
(3) Gi+1 € [§, 5] (This can be done because limy_, « infir am =
0, limg oo SUPpak Gm = 6, and |aGm — Apir] < unm — 0 as
m — oo.) Forany iy < m < ji, we have a,;, € [%,8]. Thus, we
conclude that

£

2

IA

|, — tip1| < |aj, — Go1| + -+ + G2 — i1
1 Jk

1% Z Mm = W Z Nm-

m=ig+1 m=ig+1

IA

Therefore, we have for all large enough integer k that

Jk Jk

Jk
Yomdhz Y mah=(5) X om=2(5)

m=i, m=ip+1 m=iy+1 K

But this contradicts Z;O:O nmaﬁ < oo and implies our second
claim. Finally, the above two claims together clearly lead to the
desired estimate (26). O

Lemma 4.3. Let {b,,} be a bounded sequence satisfying lim,_ o
(bmy1 — bm) = 0. Write yy = limp_infyenbm, 2 =
limy—, o0 SUPy,, b and S = {a € R: There exists a subsequence {b;, }
of {bn} such that b;, — aask — oo}. Then we have

S = [y1, ».] (28)

Proof. It is obvious that y; < y5 and S C [y4, y»]. If y1 = y», then
(28) follows simply from limy,_, . by = Y1 = y». Let us consider
the case y; < y;, and proceed to prove that S D [y, 2l

For any a € (y1, y»), there exists ¢ > 0 such that
(a—¢e,a+¢€) C (y1, y2).Noting that limy,,_, oo (b1 —brm) = 0, we
observe that b,, travels to and from between y; and y, with very
small pace for all large enough m. Hence, there must be infinite
number of points of the sequence {b,;} falling into (a — ¢, a + ¢).
Thisimpliesa € S and thus (y4, y2) C S.Furthermore, (y1, y2) € S
immediately leads to [y1, y»] C S. This completes the proof. O

Let the sequence {W"*"} (m € N, j = 1,2,...,]) be
generated by (9) and (10). We introduce the following notations:

R™I = Ajum]+j - Ajllmj, (29)

i = A - A, (30)

1

I I I
dmt =gVt ™ = Z A = Z Au™ + ZR"”, (31)
j=1 j=1 j=1

1 1 1
N +1 +j N
h,m :Vi:n] —V;n] = E AjV:nj I = E Ajv;nj + E rim ]7 (32)
= = =1

Ym b = g gmlJ (33)
meN, j=12,...,J,1=1,2,...,],i=1,2,...,n.
Then, (9) and (10) can be rewritten as

J
u =" + ) (Aw™ 4R, (34)
k=1
| j ,
=D A . (35)
k=1

Let constants C; and C; be defined by (cf. assumption (A3))
max {[|[¥'[l, [0]} = Ci, sup [wW"]| = C,. (36)
1<jg] meN

By assumption (A1), j;f(t) also satisfies the Lipschitz condition for

j=1,2,...,]. Furthermore, g(t), f(t) and f;(t) are all uniformly
continuous on any bounded closed interval.

Lemma 4.4. Let conditions (A1) and (A3) be valid, and let the
sequence {w’“”f } be generated by (9) and (10). Then there are
constants C3 -C; such that

|6+ < G, (37)
™ M| < Cstpm, (38)
IR™ || < Con?y, ™1l < G, (39)
wheremeN; j,k=1,2,...,];1=1,2,...,];i=1,2,...,n

Id™ ")l < Catpm,



W. Wu et al. / Neural Networks 24 (2011) 91-98 95

Proof. According to (36), we have

|V?U+j . xk| < ||V;n]+j|| ||Xk ” < C]Cz = D;. (40)

Thus, there exists a positive constant Cs 1 such that

max |g(t)] = G3 1, (41)
|t|<Dq
4 = o (4| < Vo, = . (2

It follows from (36) and (42) that
|um]+j . ij+j, I<| < ||um]+j|| ||Gm]+j, k“ < C2C3 =D,. (43)
Then, there is a positive constant C4 ; such that

max ]fj’(t)| < C41. (44)

[t|<Dy

Furthermore, a combination of (A1), (11), (37) and (40) gives

I
Jam 1 = = wl] = | A < o, (45)
=1
where Cy :]C4,1C3.
Employing (40), we find that
max |g' ()| = Gs 1, (46)

|t|<Dq
where C;s ; is a positive constant. Moreover, we observe that

o) =

1<i<n

n
Gt — )| < max g @] W] Y Ih
i=1

n l
max [g'(@] %] 3 > I

i=1 k=1
= C577mv (47)

IA

where Cs = nlCy 1Cs 1 MaX<i<n g () ||1¥ || SUP ey |W" ]| MaX <<
Xk, in which t; = v}V - % + 6,v"/ " —v) . %/, 6 € (0, 1),and
Iti] < ‘v?” -xf‘ + (" =) .¥| < 3C,Cy. By virtue of (A1), we
see that |g'(t;)| (i=1,2,...,n) is bounded.
Combining fj/(t)’s Lipschitz continuity, (36) and (37), we have

Y™ ey F g™ . oA
ff @V . GV — f @™ G|

<L |um]+j . Gm]+j,f _ um] . G”U‘Hlf}

<] [ou] =16, e )
‘f}/(umj . Gm]+j,j) _fj/(uml . Gmlvj)|

<L |um] . Gm]+j,j —um. Gm]’j|

< Lfu™| Jy™ ] <16 |p™ ] (49)

where L > 0 is the Lipschitz constant.
By the definition of R™/, we see that

R™ = Au™H — Au™
= —lm (j}’(umlﬂ' . ij+j,j)ij+j,j —];/(umj . Gml»j)Gvaj)
= —1m [f/(um]-ﬁ-j . Gm]+j.,j)wm,j,j
j
+ (f/(umjﬂ' . Gm]+j,j) —f.’(umj . Gm]+j~,j))GmJ~,j
J J
+ (L_’(um] . ij+j,j) _fj’(um] . Gm]’j))Gm]’j]. (50)
Therefore, it follows from (37), (38), (48) and (49) that
IR™ || < nm (L [ d™7 || + (Ca1 + LGC3) | ¥™ ) < Con(51)
where Cg = max {LC2C4, (C41 + LD2)Cs}.

Similarly, we can show the existence of a constant C; > 0 such
that

il <ot o (52)
i M

The next lemma reveals an almost monotonicity of the error
function during the training process.

Lemma 4.5. Let the sequence {w’"f + } be generated by (9) and (10).
Under assumptions (A1) and (A3), there holds

E (w(m+l)]) <E (wmj) — m HEW (wm]) ”2 + an;,
(m=0,1,...) (53)
where Cg > 0 is a constant independent of m and ny,.

Proof. By virtue of assumption (A1) and Lemma 4.1, we know
that the derivative g’ (v’ - ¥ + t(h” - X)) is integrable almost
everywhere on [0, 1] and

£y g

n
=f (u™ . G") Zu;"]g'(v;n] B Y
i

. 1
+f}/ (umj i ij'j) Zu:"](h;"’J -Xj)2 . / (1-=10
0

i=1
xg" W x4 t(h™ - ¥))dt. (54)

By virtue of Lemma 4.1, (11), (12) and (54), there is a constant
Cy > 0 such that

fi (w0 L Gy

<fi ("""
(W G (L GO L g
+ Co (umHW L GO g ij,j)z

:fj(um] . Gm],j)
—i—f/(umj . Gmlqj) (dm»J . GmJJ + am . Ilfm’J’j + damJ . lﬁm’J’j)

J

+ Co (w0 L G g ij,j)z

o1 1
= fi(u™ . Gy — W—Aju’"] ™ — - > an - nt)
m m i=1

n 1

+f (0 6m) S (2 / 1—1t
i=1 0

x g (v ¥+ e(h - K))dr

_H;/(um] . Gquj)qul . I/IWJJ

+ Co (VL G g G-T)? (55)

Summing (55) fromj = 1toj = J and noting (3)-(5),(31)and (32),
we have

E (W<m+1)1)

2 n

2

i=1

2

fE(w’"f)—nl + 8m
m

J
Z Ajllmj
j=1

. J
m,
DAV,
j=1

— E(w)— (nEu W)+ 3 [ () ||2) 4o

i=1

= E(W") — i [ Ew (W) [ + 8. (56)
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where

J
:——ZAumf ZR"” i(ZAjv;“f.

J n 1

+ Z Z u;"lj;-/ (um] . (;mJ.,j) (th”J %2

j=1 i=1 0
xg" (v X + (™ ¥))de
J
£ - g g
J

j=1
J
+GCo amtO G DL gml omlL )2
j; ( )
It now follows from (36) and (37) that
[¢™ ] =le(v™¥)| = G,
w6 < o] ] < 6 =

By (11),(42)-(44) and (51), the first term of §,,, can be estimated as
follows.

(57)

J J

_i Z Ajumj . ZRmJ

m =1 j=1

Z | au™|

= =

—

J
Z HRmJH < GCs17p (58)
j=1

where Cg.’j :JZC3C4,1C6 :jC4C6.
Similar estimates for the other terms of §,,, can be obtained with
corresponding constants Cg; > 0 fort = 2,...,5. Finally, the

desired estimate (53) is proved by setting Cg = Zf:1 G O
Now, we are ready to prove the convergence theorem.

Proof of Theorem 3.1 for OGM-F. The proof is divided into two
parts, dealing with (20) and (21), respectively.

Proof of (20). By (A2) and Lemma 4.5, we conclude that

X, 2
> [[Ew (W) |
m=0

[0.0)

=3 i ([ (W) [+ 1 () [7) < oc. (59)
> i [[Ea (W™)]* < o0 (60)
m=0

Employing the integral Taylor expansion, we deduce that
! (gq(M+1)] m+D], (D] j _ £/ oy M) jycmsJ
fi(u -G )G f@™ - ¢YNHG

:f/(u(mH)J . G(m+1)j,j)1/fm,],j
J
n (/},(u(m+1)] ) G(m+w’j) _-G/(umj . G(m+l)],j))cm],j
n (f]'-/(llm] . G(m+1)],j) _fj/(um] . ij,j))ij,j
:f/(u(m+1)] . G(m+l)],j)1/fm,],j
J
1
g [y
0
Xf-//(umj . G(m+1)],j + l‘(dm’j . G(m+1)J‘j))dt
J
1
+ @™y / (1-1
0

Xf}//(um] . Gm]’j + t(l.lm] . wm’]’j))df. (61)

Note (A2) and let n. > 0 be an upper bound of {nm}5_,. It follows

from (36)-(38) that
|umJ . g+ J 4t (dm,l . G(m+1>1,j)|
= (Ju ] + 4 6]
E (CZ + C477£) C37 te (0! 1)’ (62)
|umf . Gmfsj +t (umf . lpmqfsf)|
< [u ] (le™ ] + w7
< GG +Gn) =Dy + GGsne, te(0,1). (63)

According to (62), (63) and the proof of Lemma 4.1, there are
positive constants Cyg, Cy; > 0 such that

1
/ (1— t)fj// (umj . g+ J + td™/ . G(m+1)j‘j) dt| < Cyp, (64)
0

1
‘/ A=0f (V-6 4 a™ ™) dt| < Gy (65)
0

By (43), we obtain < (G,C3 = D,.Employing (4)
and (37), (38), (44), (64) and (65), and summing (61) fromj = 1 to
j =], we conclude that

e ()| = [ ()] = [ (W) — oy (w) |
= s (167 167 |4

1<j<J
meN

(e o (] o)) s o

meN

=< Ci2Mm, (66)

where Cip = _]C32C4C10 +]C4’1C5 +]D2C5C]1. Combining (59), (66)
and Lemma 4.2 results in limy_, o | Es (W™)| = 0.

Similarly as in the proof to (66), there exists a positive constant
Cy3 such that

[Ew (W) — Ey (W")| < Ci3nm. (67)
Since
|Ea (W) || < [ Eu (W) — Eu (W) || + || Ea (w™)

< Cistim + HEu (Wm]) ” ) (68)

we have lim_ o HEU (wmH) H =0forj=1,2,...,]. Similarly,

we deduce that limy_ « HEVI. (w™H) H = 0fori = 1,...,n,
j=1,2,...,J,and

lim |Ew (WYH)| =0, j=1,2,....J. (69)
m—00
This immediately gives

lim ||Ew (wm) |=0. O (70)
m—00

Proof of (21). According to (A3), the sequence {w™} (m € N) has
a subsequence {w™} (k € N) that is convergent to, say, w* € 2.
It follows from (20) and the continuity of E,, (w) that

I = Jim_ [ (w"

m—00

Ew (W*)| = lim ||Ey (W™ =0. 71

JBw (w)] = tim £ ( =0 @
This implies that w* is a stationary point of E (w). Hence, {w™}
has at least one accumulation point and every accumulation point
must be a stationary point.
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Next, by reduction to absurdity, we prove that {w™} has
precisely one accumulation point. Let us assume to the contrary
that {w™} has at least two accumulation points W # W. We write
wh = (w], wi, ..., w,T(pH))T. It is easy to see from (9)-(12) that
limy— oo Hw’"“ —wm || = 0, or equivalently, lim,,_, » |w,-'"+1 —
w/'| =0fori=1,2,...,n(p+ 1). Without loss of generality, we
assume that the first components of W and w do not equal to each
other, that is, w; # w;. For any real number A € (0, 1), let w;\ =
Awi+(1—A)wq. By Lemma 4.3, there exists a subsequence {wrlnk1 }
of {w!'} converging to w} as k; — oc. Due to the boundedness
of {w?k1 } there is a convergent subsequence {w?k2 } C {w;nk1 }
We define w) = limy,_ oo w? “2, Repeating this procedure, we
end up with decreasing subsequences {m,} D {m,} D --- D
{Mkyp 1) } With w} = limy o w;ﬂk" foreachi=1,2,...,n(p+1).
Write w* = (w}, w), ..., wﬁ(erl))T. Then, we see that w” is an
accumulation point of {w™} for any A € (0, 1). But this means that
£20.1 has interior points, which contradicts (A4). Thus, w* must be
a unique accumulation point of {w™}>° . This completes the proof
of the strong convergence. 0O

4.2. Convergence analysis for OGM-SS

Now, let the sequence {w™*} (m € N, j = 1,2,...,]) be
generated by (14) and (15), and let

R — Ajmumﬁ-j _ A}”um], (72)
mj _ m-+j m
= AN = Al (73)
I . ! .
d™ = um g = A =Y A Y R (74)
=1 j=1 =1
! ! !
N ! j J
TS DRI DR S
= =1 j=1
Yy bi— gu+bmj _ gml,m.j (76)

meN, j=1,2,...,], 1=1,2,....], i=1,2,...,n.

It is obvious that Lemmas 4.1-4.3 are not influenced by the
new definitions. In place of Lemmas 4.4 and 4.5, we now have the
following two Lemmas.

Lemma 4.6. Let conditions (A1) and (A3) be valid, and let the
sequence {w"'f *f} be generated by (14) and (15). Then, there hold the
following estimates with the same constants C3 -C as in Lemma 4.4:

e+ m K| <, (77)

Y™ M| < Cstpm, (78)
Ir™ < G, (79)

1d™ [l < Catpm,
IR™ || < Con,
wheremeN,; j,k=1,2,...,J;1=1,2,...,];i=1,2,...,n

Proof. According to (36), we have

v x™ K < v max %] < 6,6, =D (80)
1<k<J

Thus, there exists a positive constant C3 ; such that

max |g(t)| = C3.1, (81)

[t|<Dq

o 4] = G ()| = iy =6, &2

Similarly, (78) and (79) can be proved after adjusting the
corresponding superscripts in the proof to Lemma 4.4. O

Lemma 4.7. Let the sequence {w™ "/} be generated by (14) and (15).
Under assumptions (A1)and (A3), there holds

E (W(m+l)]) < E (Wm]) — Nm HEW (Wm]) ||2 =+ Cg?’]rzn,
(m=0,1,...) (83)
where Cg > 0 is the same constant defined in Lemma 4.5.

Proof. As in the proof to Lemma 4.6, we only need to adjust some
superscripts. For example, corresponding to (54), we change the
related superscripts and get

j? (umj Neull m.,j) u” . Iﬂm’]’j

n
:fj/ (um] g m,j) Z u;"jg/(vfnj . xm’j)h;"’j ey
i=1

n
+J§~/ (um] .G m j) Z u;ﬂ] (h:ﬂl L x™ 1)2

i=1
1
x / (1—t)g" " - x™J 4 t(h™ - x™J))dt. (84)
0

The details are left to the interested readers. O

Proof of Theorem 3.1 for OGM-SS. We can use Lemmas 4.1-4.3
and Lemmas 4.6-4.7 to obtain the weak and strong convergence
results for OGM-SS precisely as in the proof to Theorem 3.1 for
OGM-F. O

5. Conclusions

In this paper, we present a comprehensive study on the weak
and strong convergence for three-layer BP neural networks. Com-
pared with the existing convergence results, the corresponding as-
sumptions are more relaxed. Our convergence analysis holds for
more extensive BP neural networks, e.g., S-S, S-P, P-P and P-S type
neural networks.
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