[MODULE 5'
| THE DISCRETE KALMAN FILTERI
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= Like the Wiere ‘Li\\'er) the Kalwmon Bilter s o
Solulion 4o +he MMSE eshimalion ploblem,

_ Threre dre +Wo  wain diffelences betuween The Kalwan
(iter and twe Wiener Cilter;

. For the Kalman Pilter, the problem i« foemulated
n Shute Space.

2. Whereas the Wiewey Lilter i< the 0/0+'(W<’
LST estimator, the Kalman Litter s time
Varying in 3en¢rd.

= Thus, we kegm by reviewiny Th reletionship. behueer

ovl sHand ard  spectral representation o€ 4 3’("“”'//
Stockustic process and e (Ceontrollable canpnicel

form"  stute gpace model.

~ Comsider a. ines Sy st ew

UU:) —3| Systewm y('t')
Where ‘i(“\ and y(t) conld be scalars o©F vectors.

— Each celement Of.,_u,df) IS a white wise
Process with U\V\H?'W\a@w'iwdc PUWG/V' sf:ef-"/um.

— A seneral state space model fur the  <ystew is

': F— ’
e e

—_
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where

P) G are waetrices of agzProprfode Si2€.

R i o malrx or a vertor of O\PFWPW*@ Size.

X s a vector of interwmediatt variahks called
Cekte variables™ o ¢ phace  veriabledV,

‘f> X e ‘ca\\ed the “%tute vector" o4 the syc%em.

~ The state cpce wdel 'S A unigue. For any

Juen Systew, there exist uhcaunfab/ infinitely
o wony mocels of the Ferm (¥) on PALE S,

— For q Syé%em with a teunefer Lunction tat s rationa [/
a Finite dimenciona/ mode] ot the {orm CY)om

"FPVOE S.| qlways exrsts.

- — For the Mowent, ’€+ Ug assume ‘th"' u(t) “"d YH’)
are scalor processes and that the PSD S (s) of
ym € lenown.

- We want 1 model y/t) a¢ the réspense of 4
linear 5y5+em) where the system mput L8 +he
Whity power spectruwmi white npise W(t).

Note s this  implies that E[x(t)_) =
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- we i;eg‘m by spectrally wcaf*ari%\”j 57C93'-

S ()= Sy () S )

Wheye
§F(9) hos \ett \ab-plane Poles and zews only.

5769 has Vight halé-plave poles ard 2ers only

—Now, the shaping £ilter reqguired to generafe y(t)

with nentrivial corce | gtion Strurture Crwn the b roce S§
o X&) with trivial correlation structure e stmp by
< ().

L s™m n={
- Suppote L)z 0 B ST v b

— where m=n-1(.
(2} -
s f““-'sn ‘+ o o ? 'f’ '{0 )

- We \have Then

u(t) > y(t)
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- We Q\\rs% ( Ereq\g anH)\ ‘7"/\& Aehomimafw AV\Cb

Nuwmeyrator of sf(ﬂ,

— Between the devowmmnator avd nwamerator, we wtred uce
the nterwedicte procecs tTH):

| | i) | ;
1) = A by st by, s 4+, P2 Y
u[ )% 5“1’4“-. Sf\-' + .u-f-qo ﬁ\ m>r L= £

fTo be cencevete, letus assume thet l\=4') h=3.

= We next define the stute variablec qccwc\mﬁ 1o

X, = (t) | >
X, = C(t) = X, (*.)
Xy = r (%) = .).<z 5
Kg=¢ (t) = X3

R NS (V) La(,(a,ce, vc\owxm‘V\, the FC!A{'W\d\(P be twee n
W) and ResY i

W(s) = <ARes) + a3 5°Res) + 0, 52R(s) +a 3Ris) + ks
- So ‘

alt) = F () ta, (1) va, P () + a () +arit)
—>
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-We l’\&w e

Flt) = ~ar(t) —arlt) —a,r(t) —as F @) +ult)

Kg 5 ~BXi =@ ¥ -dyXy - dgXy t ult)

- Writing this [ast equatien together with eguations (+)
on PncE U4 wshg metrix nu-l'a‘hm) we  have.

X, o} o o0 |[*%] [o

|: 00 | o] o

)o(j 00 O | X; T o U({') a:)
L).(‘?' ) | =Gy =4 = Ay "4, | ’X*J 3 , P

X = F x + Gu

-Now, We redraw the block c/fajmw o PAGE §~4‘ as

| \ bo X
u(t) "5‘ st4ays¥4a,57 18 mJ @

YU) =“L(Jx'l ¥ &)ixl f'l?;x‘g + LJ X1,



—Tha wal T Rt o,

- EED b\ \31 Bg {54'] Fx"'\

f () ’;; (%)
R
y = B X

*TO‘{]@H\% the state 856@9«1"(644 (¥) on PAGE 5.5 avd the
oufput equation (+) above conchitute +he controlable

CaVIOI\i(a{ g\La“'e \)Nia\b\e mw\e\ L~ the Sy Stewmn.

—Tn general; thic mode| i< given by

r%‘j fo i o »;, ] rg
O
i(z - © " o+ ’ u(t)
' l
L Xn J A, —A, —an X ] -

-Care,(fu\\\\/l Sj(udy 6M\M‘P\€S S\ and 5.2 on pages
194 -196 o€ the bok -
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— The funde mental Fec()uwemen‘\' thel deter mives whedther
o stochoshe procecs ylt) can be Lormulated ac a

Stale Space wmode|l of He -}—ype we have Juga‘f e;(ammaﬂ
S this -
Such a mode | eyisk | €& y[f) cavi i:ere(«’recl

0 q white Wnoice -l'\wough a linear
aice ecential e@uaﬁm‘ |

— Several Qxaw\p\es are 3‘-\)@"\ ON pages |96' l96 0\[ '{'LQ
book . g{'udy +hew Care {.\“”y'

Diserete- Time State Space Mode |

—hireh we losk at the velationship between Hag
controllehle canonicel fam and '{'M-Q»AKMA' wodel.

- Let we be a white rpise vechsr with Kngwn d\'ajm“'
Coveavriance. wmalrix QK a \ven &>7 |

E[WKW.T] - QK&-KF~ 4

NOTE 5 T qeneral, the diagonal matrid Qe will be
Twe varying,
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- Qssume Cvr "\’(\Mr W\MMGV\T +hot W 1¢ Qa scq'ar
process and  let the scaler procecs ¥ be

telated Yo U 'H’\er)l’\ an LST S\mpln? Eilter with
Ot Mhmul “rans for Fometion.
- We want 1 construct the  controllable canemical

SAC Shace model Lfor the Pprocess }’t.

- Ta e Kalman C\‘Her\‘v\j literature, it g Customary
o write wW(k) and y(k) e the discrete -+ime
Processes W\a and Y,

- We L\M&

ﬂmt'“.p/J,“% '+ Buea? fo U{_
U‘>‘4 24 o B o BN +—r>(‘}—y>/ ) ’

Where m=n-

- To e comerete; \etue ascume thet n=4,s0 tHat m=13.

- As belae, we pull apart the Aumerater ard
Aenommator of the +ransfer Lunction.

— Between thew, we defime an Mf&rmec/m/‘é
_dbcb\&("lc, Fv\acesg rék_)
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| r() r B

W (k " i k
)ﬂ{ o o AD— 7/( )

— @miﬂ.\ ’M/

- De@vw, ‘HM S{n‘f’e ’Vav*t‘akles QCZMAMj "[‘0 (wlﬂq M=4-) P

X, (k) = r(k) %
X, (k) = TLkrt)= X, (k+) (

X3(k) = r(kt2) = X, (ke) *)
Kqlk) =r(irs) = X;(ktl) %

~The reluttonchip betueen \(z) and Rez) Is

W (2) = dR(e) + o 2R(2) +o, 22 Rez) +xs 27 Rez) t 24R @)
w k)= % Fk)+ o, OOkt +% 1 (k42) + o r(kt3)+ r(lm“’r)
Flkt4) = —op P(k) - oy k1) =0 € (kr2)— o (E43) + w (E)
Xq (k1) = -l X (k) =y Xalk) = 2 Xy (K) = A3 %4 (K) + wilK) (%) |
— Frowm the @\3‘)(6 above, we have alo that
YD)z B X )+, ko (Kt B (K) # By Xa (1) (FH¥ )
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- \/\v)r\‘h:r\ea eﬁ()uwdcms GP) wv\d @ccjma‘h‘a/\ (Qe)ek) o
PAGE S togethnm usiny wekvix fotedion,  we
Okein ‘he cent ro\lable canownical Shate :Vafiq(o(e_

teewn

-X| (_KTI)

o 1 o o x| [,
Xa (¥41) -6 o V O [|%M
X3 ( ketl) ]2 w(t)
3 O o o | ||whH 0
‘Xof(kﬂ) j [~ —d -, — o | | %06 |

¥ = Lo bt g [

¥ (k)
Xe(B) |
- R,
Xk'{’\ - Cbkxh T Wi
)‘k = Bk X)g
b hevre

X = state vector at time k.
d>K= state trongition wmatrix  fur Xe ™ Xt

Ry = output equation  gain malrix

PAGE 5. 10



~Frowm ‘Hr\e (}\awre on PP(GG C.§, we have

1(’2—)’ _ @M%M-r/}w—\ 27 o fﬁi

NL%) Z'\‘rdn-tzm-( + e 1T Ko

, Y (%) [Z'\-\ s(,\,\ZJ\"‘ -{- TR = oQ] = wu;s (@Mém* pw_t%m'l +. ,,*ﬁo]
-—les, MP(?'IM\ . re\nd‘Mj yﬂ—} aund w(}.) 'S
ylen) ooy (ktn=1) Holap Y CRAN-Z) + oo ol y () |

= Riaw (rim) r@m_“ w(krm-1) + ,8,,,-1 w(ktm-2) t ﬁo w (k)

—The Caﬂ‘espvnde controNable Cam‘:z«) chte Sp«ce Maclél (s

{" —

N —
Xilkrt) 6 \ O 0o . xl(n"\ |
faten) | [ 0 0 V0 | )
: o i
s XI\U"H) B “‘0(0 (| -0y s = 0(,\-’ | X'\Lk)J

Proe Gl




SOLMP\W\ﬁ of & Cm"(\V\UOUS' Tiwma SyS‘LeW\

’SQN?\‘\":) of the ‘(M‘}MUOUS'—“L\@ ovtput ecbua+fm
y:Bx |
\S O\bviOUS) 6 we cmcen‘\'rqfe N m 5,(,,‘(’@ @6«&"’7‘0'\.
- The ¢ontinuouy-towe s}d\'c,.e%u,q‘ha\ i

).( = Fx + Gu
- '\/\)C SMPI@ +L\}S eﬁuaﬁm( a’l’ c{{gcff-{'e +/~m€( toj i,) t,_) ik oo
h obtain |

Pie

XCr1) = Pl te)x (k) + Pltem, TGl ult) 4T
t
Py Wk

> Ker = O X + Wy ()

— It i Necessary to solve Lef 4>|< and Qv \wa\
™ specification ot the  continuous— ‘HW 3j9+€wt-

- I4 the watrix F ic not tiwme vorymy and £ the
S“W‘P"“J' ihstents are e.coom”y SPac&L By a time At/ then

Sz |1 (27" T]

t=D0¢ |
ProE S




— The input couvoriane watvix s qiven Bj

E[""LW?’] = Q\gd‘(k"‘) ) wheve
(e = F—{

gtkﬂ

ty

T
Tie Cin
g cbcmue)c(e)u(e)dgj Mth“)G(?)uW)d% }

k t\ﬁ

727

O, ©)G(O) E (i) uTt %)] GOt ¥) dbde .

te
._N_g-[—‘?t; Snce W(E) 15 a wwte noise,
} E[u)r W] s a diogoml matrix-
—7The dicgona) entries o Direy deltes.
- Shdy example 53 on paje 20 of the bwlk.

— A IMJMeNca' M&‘H\()d \[\of Plvwlmj C‘\)\c S ﬁl\/ﬂ/} on Paj& 204 o€ &bl(
_I})_Q’_T_E_; i+ F i tive varymy, de_

M\)"(’ (53 OL‘\’&“\Q& by QO‘UW\J ‘hﬂg AIF#Q{M(’W’Q(

ecﬁv««hm
Bt ) = FO)PlEte) + Blbaste) = I

-I¢ F(ﬂ Aoeé Wai vavy b {:L o )Cu]) ‘HM/\

F(’tkﬂ"th)
¢k: e uteix € Gﬂ'Hﬁ/),
(M S BPrGE .13




A ’DeueloPWle/L+ ot ‘('L\Q b\\jcfefe kkl““n F(H'EV“

-In a natshell.

- There 1s a ol«‘scre‘fe /}near syStem.
- The \V\P\A"' s white noise.

h YGW’ obserqu‘c‘ang are +he Sys4em aufpu‘f P/“S

A white moise  callod the  “weasuremedt wise"
= The system mput noise  apg the measuremednit-
POe are  yncorrelated With each

other

‘ -%U k'\ow’.
T The stte space midel Lo the </stenm.
= The 2"¥

-O‘f‘olef Y‘h",'!)"’;ts of -H‘e I\hf“'-f Mo Ise,
- The 279

order 544 ey of the meagurement
— TL\Q, ‘ff‘)'b'em . Mo ri€

- Given the nois y oESenmlims of 'Hve Wff“t

Lind MMSE o5}, a0 tes of the System skde
Vector

NOTE: if you Can @6'7L MMsE ﬁs‘f'itwfl[es of—

‘H\G Sfa'ILC ,VC(-I'af/" 'H\en 'rl’ 1< 'ILr"wa
to tum  fhese info MMSE estimates

ot an d‘f&"’f“ry aline -A”\(—}/M ot
the stute Veetor: . . which s a4 ctafement

of the genera) fulmen { Hering preta,

PaGE 5-1¢




Eﬁ{!él, The systeun ka*vnki" V%Sel@' S an q ffine
LV\V\U‘ITM o€ the state vecter Thus, one

6t the woet S‘Yfav‘jlo"'*{\w‘ward Ka/mw Q/fen»)
preblems ¢ .

jl"lelﬂ @ ”";’/ OLSQFW‘HM o F ‘H«e.
NPH’) ‘GMI MMSE ﬁg‘('l‘mm"és o

‘Hﬂ’, 0u4r“+-
- The system  stqle Space w\aclel-:

Xﬁﬂ = ¢k>§|< ¥ wf
l
- o [] (nxi)
l]( )[ ]J [] (rxi)
(nxn)
Yk; H\(X\g

IR
[ emn) H )

[ ] (mxw)
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- The mx| observabon vertw . is the systew
a/thm‘l' Y  plus the mx| MeaSuremedT noise Vi ;
Z,= Hexye + v

- The coverrante

Shructure; ot the mru‘f’ neise anal
measuremen'l'

nose are known :

E[WK WT {O\k) i=k Q\(d\(\ 1)

E[VKV?“_) = {Ok ) :;t = Rk J‘(.’—k)
J

— The e
et e and weasuremenit noise are wncorreletal

ElvevT ] = 0. (v k)

—— e — — —_— —— — — e -_— — — —— — -— -~
— ——

Al “‘Oﬁeﬁ\er
Xy, = PuXe + Wi (551)

2, = He Xt Ve (s.5.2)

E[WWT‘) = Qe §li-k) (5.5.3)
Elvvi] = RedG-k) (554

glwevi] =0 | (5.5.5)
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- What makes the Kalman EMHter dittereit Gon

cmy%ﬂzj Hut came beloe i the
Y i Bemalabed .

- Tn twe reqard, it is kid of [like a

Mmathe matica | Proof 6/ MJuc-ﬂ‘M

recursive. wey

- Assume ‘HM't' saw«e)mw we kave oL-l—.,,ngpl a
prea/,c—(m for the state vector at +ime <,

AND
that  this estimate s based om He Lres4 k-
obserwmtiens.
—>I'\ o‘H\er wam’s, assume ‘H\A+ we ‘\ave, AN

QS"’:‘MA,'& of ij 3G‘V€V‘ ';“/ Zk-s, Zz-z, :'-zk-l ’

— This 1s often written &klk—l
— : \ A
> But jn the L'Dok i+ is writlen 'xk
NOTE . 7(; 1S an “« prior: as‘hma‘/’e, or Pr.or)'
ot ’X;; the true state Vecder at time L
NoTE : Tieassmption et 0 “some b hove s

(;red'('f'm ’)2 is hot 4 FFOA /em in {—L‘Q

Wﬂfj‘l‘ Case we can ddf'/' S'&f 'Xk 'E[')Cg]
which s u;ua//j 2ex..
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NOTE ° E[Yr.] IS computable ‘[So’vauc,). Te it

Turns out 4 be rnzero, fhen it s
cus‘bmrj o sabtact i+ out o€ the
modal. This leads 4, & wod; Cied
Lystews meded whepe Elxe] =0.

NOTE ; ‘0'2,; wight be a  good estimile or a paor

estmate... +hic chesn'f malter.

> Whatl cbes matter e +that we need ’)2',2 o
be UmLfasei, That s, we need it to
be- true Hrat |

E[f\:] = E [ij .

A .
- $o 'H'\e ercer n ‘Hae Pf‘eal/c-/',‘m ’)C,: 1S

@; = Xp = )?,: (q.g,(o)

i)
+rue ??raol ic +ea’

With mean £ [e;] = Elxe- %5 ]
TEXI-E[%:] =0,
= @ is the “peedicted shite vert, o
— The ptedicte) ctate vect,, error coverionce watrix is:
B= E[6€R]) = E[te—%)0x%2)T)  (557)
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~Now, given X7 and He obeervatim z, , we

want 4 Ureline® +ho prediction 7%\2
the new in Eor mation
- TLH\S W;”

Igj Mgf‘ﬂ?

%) Z—k wm an o(yqul way/

3}./& us an [(gL Fosferfarf Y eS‘}'/\Md-,-% +

ot X, given k observatioe (& @i \teced 53"‘“‘9)
~ A

—oten, i is written

— |n the Look,

Kik -
s weitten ')?,K )
~ The S{'m{‘cjy 1< '_"’0 Ma lLe. -H,‘e new & iMPr‘oveJ

Co
ectimate 7?'\( A lincay Combination , o “LIMJ’"\?)

ot the o) ectimate 7’&; and the new observataq
2k .

= The "I:lem':wg Coée Pchiew+s" ave 301'45 fo ()ﬁ Wf\i’[f;em
in a weird way that wil prove useful 4 [itlle
bt later:

A= (T-RMY XS+ Ky By

X

blending fictor blerding  {fact
p’( the a/al a priery -Por -[-Ae hew
- CSfimate g’c“- observatim 2y

PAGE 5.7




NOTE 2 Twie an be re-weitlen as

y A
72&"‘ %; + KK (ZK" e X% ) (7:5:9)
- We will gek 4, fid a value for [(K that
ke 'QK o‘>3r‘vw\«~0 in He MMLE  semee,

NOTE ; 1w (S.';-?)

————————

) the tevm ‘Z\c-”la{(\i wey
L>E,Cams.‘olenaal 2 a Cpptuad” . 'hemusc/
according fp o Wersurement eguation (55.2)
N PAGE 516, HKD'C\,: IS infuct  an

a Priop esfimate Lo =
The ermy  in this eshmd‘e) Zy- Unéf)
14'«5 ‘f'wo FGF""S:

“The et dee b the messuremant
Noise Vi (unclesfraue )

= The par+ duey ‘/‘o hew M*ﬁcfm‘!""\“’\
-Hia')" N Fr‘—S'eM-)L M %k l)u-'-»w‘f MH

Present i, Ry Zeer, T (Aes.-mue./j




— The enrre  n - ‘er a FOS‘\PV-,W, -Cl”'et’téo 5‘[’&*& \eé{zf
€S(lqu"'e/ X 5

True o’+;m“+c°l

“The Lilfered state vector evror covarionce
Meteic g

B = Elecer]
= E[(n-v?n)(xu )’ ]
= b ko )] Loame]"
S S (C S (Hr vy -an")][w{/j
=E{ [00-%0) ~ ki, (- %2 - ~ ke J[sene]
- EE@I'KKHK)(“ “X5) -k, vio|
X [lxe-%g Y (2- K”)"VKKnjz

D

PE 5.2]




R
"B )t %) (e YT,

" R - X ) o7 kT

" KV (% - Xz )Tz —keHy )T-l- K Ve vid ke 3

* TTRBOET (- 22 ) G- XY T (T k)T
- (Tkey ) E §b -2z YT kT

Zero

- KeE S(V,g (xt_a"C;)Tz (T-Ky HL)T
T mero

-+ kKEi VkaTg kg

= (-I_k"”k) F'(- (I-kKHL)T'f‘ kK l?,( kKT

(a = (FKAOR (T-Keh) 4 kR KT m")]

— Ths s true Lo any Choice of kL. The.
%ﬂeﬁ"“‘ S which choce is oP"“mai?

PraGE 5.12




- Qe&\\

7(-& c the § H’exea\ or “updafed shate verte
63‘\'\'\'\&'\'6 0{;-\—4,“34 ug.nﬁ l( observaticns .

- he oo W % i Erx = Ak ‘Xk

~ ASS»LMMJ ‘hu‘l' Y € an unk:asea/ 851‘:»«’(@ "‘Cx/:
the exvey the £ tered state vectar errer
Covatiance W\a‘l’r-x 1S

e < [CKC ] (g,g,n) Coowhich a‘e,PErJS on k\:-

- The Main p\mjamﬂ evﬂ'wes of 'ﬁ( ale 1'[\8 varignces

ok the 2stimation ervers ' each Cam(baﬂe"\'f'
A
o K .

—% what we  want 1S a choice &r *h\e ﬂa"‘ o

“blonding facter™ K. 44t wil minimize the
Sumi o ‘H\é Wy dqjma,o &/\"Tles \'\ P

- S we will Jmlce He Aewvahve of the true
Tr FK with re5fa+ +» ,< g set +his egu

to 2e, ol solve fr He OP’HW) Kx.

PAGE 5773




}\\O’T/Et T X W a SCu\ar,,, S "Hne Suw
of  Yhe wain c\iqgm«ﬂ elementy of +the
wateiy A

Note ; The derivative of q Scaﬂar @ with regPec/-

' . Ta .. a
T an. men mabriy R i hn ol
UL P

-~

Pyt Az = "Cmyn |

iSsgiu@\ ‘Dj
o [ lo  de T
—_— da,,, 2::; da,,
A e  do A0
A4‘;' J“t.‘l-- ] ..‘a-a;n

a8 o ‘J&/

LC\A.,l c‘aw,_ o Zt—m,n
FRCS Frn Matrix Theary

-i€ A and B sve Cméorw\qL’e Mq]Lv‘.‘ces @na[ AB
1S a S°‘mre Maﬁix, tHhen

c\lTrkB) T
Tan B



Ma Frix Theary Facds- - -

———

=€ A ad C are M{WWLIQ matrices arnd. C
'S A Symmetric m’h‘ix, Hen

d(Tr ACAT)

= 2AC

-Now leTus return 1 He expression (5.5.01) o
.FK o PAGE C.Z'Z) an} rewrite \t as

= (TR OB (2 kM) + KRy kT Le500)
T
TR R ) (2 W T ) + Rk

=R - RO KMo R+ Ko RoH]
| / . X t ke Re KJ

7 I —ReHeRT- R AN K (M P, T+ E)k;

-Now ditberentiate Tr FL with respect to \(K ;
Zevo

CSuMQ)
AT R) _ 4 g d Tfﬂf';i . ;r]?:rkl
TAK, dke. " F gk '™ IK;

)
dKr_Tr Ke (”kﬁ: He ‘\‘RKBKK' ohGE 5.25




= - (”KPL-)T'— He ke +1 K (x PL-HJ*R‘)

(HKKK)T
o N _— (5.5.0)
- ’L(HK?\L ) +2 kK[HLPL HF- t RK) o

— S0 Yhe o“:\"rw\k\ | qka'man aﬂ;'\“ Ke i M l’?
So\qu)

AT
“'Z(H&P\:) t 2k, (HKFE #LTT‘RL) =0
-\T
@FP& ) = ke (HeRo He' + Rye)

] N - K
kk N (HKPK) (HKP); HKT"'RK) (5,5.11)

e ——

it
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Review /

— e stected with 4, state model and observation
e%uaﬁm : |
Xer = P X + wi (5-5-1)

E-K: Hkxk + VK («SlgoZ)

~wWe assumed tt we were given an wibia |

a priori Stale vecdor @stimate ')?k" with

errov - A _
ek = Xg- X (5.5.6 )

and predu‘t{’ed ctute veckr evypr coverionce watrix
R e[ erei’]= EJte-%0)txemre) ).

(v.5.7)

Preda‘c-h‘pm )2‘2 USing +he ophbservation 2

N
'Xl&“ A + kk (2'\,'\—Hk£l<-) (g,g,g)
—— . | ’
resdual... new inforwalion.

..‘»ﬁiu»‘nj a S’MO0H\"J S“&fe V6C+0f ervor CO\W""“““Q
matrix  of ]
PK - (,-I - kK HK) PK- (I "KKHK)T"' kk RK kK

(s.5.01)
(5.5:18)
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— We Coumd Hhe OF“""Mal MMSE  Kalwen gain
Vectar kK L)l solvfwj

3 T (R) _
3k, ©
‘{:W kk) 33\1")?

K= B7H (M RouT +R )™ (s:517)

— Now, we uce +his o <implify the 3emem, expression
(S.5.10) L,¢ 'FK W the special  case Hhat kK
k\‘S +ke 0Prhma' MMﬁE 30;'\ SO'M+IW\ ’

7= (T-Kele )R ( ~/<K,L,L)T+ ke Ry k,: (5.5.11)(55.5)
= an- - Ked e ) (z- ”KTK:) t KieRe KKT

=R KR - P{H.Ik.! + Ke e BB kFT
Ty ‘*kkRKkKT

M K+ (HeR=HT+R ke

= Substityting in (s £17) -@vrkk gields; [ 155.19) )

PK: (I-k,gH,‘)[',"— (5.5.22)

= Ph. - kka Pk~— P':
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‘ ~We now have Lo N ffevent e%uaﬁ“’” ber R

Fk? (I-keHe) FY—‘CI"%HL)T-* kKRKkZ—T gg»ﬁ
~ 9ood or any chiice of <y

I:;: Fk_- IDL- Hg (HK IK‘H):,T +Rk>"' HK Fr__ l;g’. 20)

ﬁﬁ R - Ke (B P H£+R\,_) |<KT (5.5.21)

Br (T-keMOORT (r522)

valid ovo,j Lor the o,a-h‘m' kk-

sults obhtained i 90ing -@f‘om (s',s'.u/w)

e rmedigte re
1o (5.5.22)

— hAny of these Lowr expressims can be used 19
practice o obtain P .
= In Vvarioys Frac*h'ca, Situations with fonite
percision arithwetic, one or the other—
ot these way qive Superier numwerica|
performance ard/or cmvergente be havier.
< Imporfant, suce H is often necessory
Yo compute B ‘on the €ly ' as He
kalwaw  Lilter runs . PAGE 529




—Fov nw, we will agsuwe Hut s Sufficient

Yo caleulate R usinfl
Rz (T-keHMe)RT (8.5.22)

—G»’v&n ‘\"\r\x‘\' We now  Wwave ’2; amo‘ ')IC\K) wWe
need o & age” the stcte vector eshimate

'by Predfc“iwj i+ ahead +o +ime k+ l.

= Since the input wy is wssumed zerp
mean,  this 1S dme as:

A_ A
xkﬂ = ¢K Ak (5.5.23).

-wWe are now m a position ‘o r‘e/Peﬁf’ the
whole procedure recursively. |

— First, we will Lind  Hhe ectimetion error and
errov Covariance w\inlri)( asfo[ia'ffJ wf-/'lq “+he

( W . .
«ajea\ Prednc-hm ';Ck;
é.. = ¥ -
K+) ~ (XK.'I’\ = ’XK‘?‘)

P (% -, ) + wi
= ¢k€g + Wy CS.S',’Z-‘})

{1

new
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- Elemiea ]
= E[ (deentwn) (een )" ]
= E[(geer v ) (547 +wT )
Sl [qskeke:_ bt beCrwr +wiCr B+ ]

= CbkE[@ter_]@c* ¢nELehb"TJ f C["Jhe ]¢L

\-‘\/\/‘/
Zero -Z—e ro

| + L[WK‘VL:I
= ¢ Fk.ﬁgerQK (5.5.25)
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T\@, recurs lf-‘é\ld Procedurc ’

\V\P\/d-
ohmdin |
A A
Zr 7‘&" X + Ky (2¢-Hx 72,:) (5.5.8)

OH,TPM-)' S W\bp-'-h 81
e34i mate fx K.

urda‘\'e EVror Covariance:
Paz (T- KM ) B (s5.22)

Age (update) prediction and
T predicted shute veckor v
coveviance watyiy

’x;‘“ =# X (5.5.23)

Peer = BB ¢$J+QK (s.5.25)

V

k = ktl
l RLL/-j

\\DIche’rc L/Alww\ F\‘H"C«r ?A&E 5‘32




S“\'o\\'e N\o&e& {

A—m/l“\ner ViﬁuA

Xgel = Dr Xt e
Ze = HeRe ¥ Vk

. eCu)zElw]=o

X ! (nxt) stale vector of time te
(leeV\

Dy : (v skale Transtion waalvik c [xoxg] = T,
Wy ¢ U\xl) (:o(cimﬁ \Cum—hm ED(OVK]: o
2 (wxl) Measurement veckor e wewl ] 7 Qe di-k

HK’ (mxm) 5M+P‘4+ M“‘LV")( E[VK \/'»T]: RK&'—K

. + o
Vi (mx)) Mmeasuremenl WoisQ EEWLU;TJS 5

The System: Vi
X+l Xi

N
WK@@;::;? 2
b‘ﬂ
ka‘lmavx 'P\FeAECJ(Or uPda{’@ e%ua"‘}a»/\f
Ko = bR (s5.23)
= ¢K[X\: t K\( (2.1:" HK)'(\\: )] (55‘8>

= ¢1: KL (Zk_ HK*E) t ¢K>'(\\:

Proe 5-33



Pred ctor; O

A »
Lej' XK"’ - “4?”"((“ e(’hwm"’e 0‘@ )(K) 5,'\/&/\ awly k-| obg'e/uqf,,\g
A
= x 3 A
Klzk"”?"") e T Kkt

Then Ce = Xg =X, ©ernr wthe predicted slafe vectar,

= The predicter Wil tum out tp be .a syctew fuet ok s
Mmocl [ike the actual syctewm |

A
2Tt Wil wawe 4 State vecteor,,. V\ame’y X

The Predicdp s

A A aqe 5.33
—> )AQK:\ = ke (2~ H<XE> r hexg  [From page 33)




_ﬂ/\Q("\w,‘ Q\so ‘\a; a stote veetur QK ’ @

NOW cavsal term

A -

A [ A
¢ka + KKH (.ZHI - HKH ng x|< ]
T 1

(5.5.23) (5.5.23)

)

A A
- Kkﬂ <Zk+l - Hy ¢l‘x“ ) T ¢"‘KK

-
—

K'H <Hk+l kﬂ HKH Rkﬂ>-|(éml’ Hk+|¢;£k)*¢gﬁg

e,

(s S. l7)
| | -
= @k PK QSKT * Qx ) H:;\ \}"\u; (¢t< Pe Be’ *Qs) HKTH * RK*‘]
f (sTs 28) ‘
(5.525) “' X (Zya = Hion PeXn)

t e QK

(bRl HL,»,*Q,:HH,)(HM@PKQSK o o0k o) (2 he)

o
TN N TN

dei» ak | +Q§¢XK

- ak—(zhﬂ' ”kﬂ@kl) t QS!&)?K.

G.35




The Cillens (0 “Swosrhec'')

—=> The V\mca,vml‘\% W;” \/\av& t Ee Mdv‘ﬁsédoﬁ

v‘.\,\)e_’ M\)CA’ solve @uf ‘TL\L G(D'H‘M“l kK ﬁV\C‘ a}(,

Kk demcbs on Rch, HK) ond Ry,

— He end Ry gpe knoun
> we wmuf kil splye \Cvf PK 4

ak c}émds on ¢k Fk) Hkrl QK; ztfl

7 ¢K) HK'H) Qk) R[q-/ ove kV\Mf’b
= we Mt SHl colie o P, A

T.30



Using the nnovatims reprecontatian and the orthojun 4, @
F\rcv\c.x‘g\e) X ig Fos‘:‘u&\e <o deve(op complete  and \V\AEPW@W‘
fepvresentations L e Cilter and the pred reder

= This involves expressing By ac a funckin of B wnd

€xXpressin
" Feey as a Lunchion of Pe.

= The E%[C» Cgoéé net do 'I"W'g/ so we wiil S"ﬁF f+‘

= We can get around !

I The “'\oncausflf“Ly“ "Pro’v’ew\ with the Filter
2 The problew o6 pot l'\avinJ wdependent vrecursive
formu lations Gor Beel n terms of Fe end Foe) 14
‘Ff«v me of P
DBy makig we of the eguatins thit relite gumbilies
W the Lilter and the ‘—cred{chf to each other-

A

Ak = X + Ky (’Ek"HK’Q; ) (5:5¢)

Ke = BOHE (e PonT + Re)” (50507

s (Z-KeHe )R | (5.5.22)
Rt = BB &7 + Ak (5.5.25)
Kew = Bk (5:5:23)

:':—> Tl'\J‘S lS Wl\d.r [S MSMI/)/ c{me w\ Pv'a/—h'('K, [MP‘QMQ.M+Q+/M5,
+t leads o ﬂﬂe Procedure in Fy}‘g‘ 5,% of ’H\d {90@/(..

o



Tnitalization

&

~In Some cases, the dynamics of the Systemn being eSw‘*W*fJ
MY QUE thcight into the problem of initializing X5
and PO—' More on +Hhig /a+er,..

~In other caces, we mey be ableto deduce or moy be given
the MMLT“[ ate Vector cCovariance matyix

To = E[x,x] |

— Then we can H«ke
A _
Xy =0
Pol = no .

- Pm alfemqffve Pfo(edure Can !>Q ug@' L\E\. we Cc)nsfc{er the
-@WSJ( observation to be Z- _a@ i€ T, is lenown
ﬁ"é 1€ 2, and X,

are lﬁnowv\ ‘o {>e Zevo— mean Gavssians..

— In this case, it may be shown with some effert thal

E (X-:IZ-, ) E(X—:) ¥ (ov (X—U Z- ) CDJ'(Z-;)‘:Z-, -k ('Z'I)]

= CoVv (K-l, T ) Cov™ (‘2'!)27:4

3

1.38




- we then fake
Ko = E(taz)
BACEIETE
= B [x-, (Haxo v,,ﬂl(aku.,x-, Vet ) (M Xy 4V )75;-,
=E [x-, (X HT VT )] {E[(H-u X+ U Y(XTHT +v] )Jg"z.-’
= E|xx] H-T+x.'.v.f_]§g[ M X XD + v .
F U XN+ v ]5 Z -

T |
= (T[-,H’*I +O> {H-, -, H.Tw— O+ 0 + R.\§ Z-

-
- T['l H-T [H-I (o H-T + R-J 2-1 .

et e

,. | "
~ Tty ako ke <y, using innovgtions and orthogonsliy the
F’l = T‘—"l - E[;{-l Q-TJ
-
= Moy = T [H et +Ry ] "0, ey

- X5 and R~ are thon obtained fowm X, and P, using

A
)I(\.';' - ¢K XK (S’S'ZS>
et = ARBT+a¢ (5.5.25)

M\f E39



Example ®

——/

-~ we have an 'w\frared (owmeva wpunted wm a  ball 5{Mba’ on
an aircvaft.

-Ttis o yv\'\h"(ar)r at'rcra(+/ and we expect the enewmy To
Fire ﬂrarlewmj W frared -’rmdc»‘v‘j rmicciles at the aireraft

— Our objeckive s f detect and track the wmissiles in our
‘mege S,

- In tach image whevre a missile \s Present,
tompute two Thingc:

1) Our best estimale of the missile posifion in Frame K
given k observations... S we have +he best possible
battlefield situational qwareviess.

2) Our best estimate ot where the missile positien
will be in frame kt/ gien k obseryatims, SO
we an point the ball gimba/ to maintain target lock.

we want 1

-—?Obviousfy/ this problem is perfect for Kalwan {}/7[0""‘}

Assumptions:

V- We will acquire the +4r3e+ when itis shi| {ar away, Thus, +the.
‘{"‘V‘j@' witl appear as a Sa‘mj(e Véry BW‘JH' fn'xc/) Perl«aPS
Surronded by 3everal relatively dimmer Pikels that are
Somewhat  beighter than tHhe baclegramd.

2. T |
T he _-pmmc rate of our camem i Very fasd CO’W\P“"?J

16 the Kinematics of +he ‘t‘afje_"l'. Thus, the ‘l'arje% ’s

capable of 6nly neglia: .
4 fvame. y Nhegligible accelerations fram Lyame

h.40



3, The horizontal and vertical wmotions of the @

Tarqet are independent. Thue, We can comsider

The Sy angh \\y" obser vatios of +the target 4o

Le ROSY  meaturements o+ the outpuls of
Two  independent SYSxews.

—r&rse;\’ Exteackion-

— we il first apply  a nonlinear filter to detect

the Tarfje«(r.

— The wain idea 1s this: at each pixel, formulate
an ectimate o€ the backg round . Subtract tHre
baakcjround estimate \me\ the pixel.

iy I‘)f" RAE
IM!} I v}
Tioyin Il’,,j‘ﬂ Il'ﬂ,J'fl/

Background  Eskmate = MED[Efﬁm' Neearest Meijk\aors}
= MEDLIH,J‘-U Iu',;]'—l) 'I"+‘)J") I\"‘/)') I"'“/ Ju
I\‘-i)jﬂ) ]:ij,]ﬂ/ I\'H/ J‘H ]
= Average ok the “middle") two e_(gM-neijUwa
M

NI
"Jh

Filter putput: Y;,J‘ = Tig- My



‘

- The medion £iltered iw\aﬁe § then twrecholded,

— we could uee an absolute threshold, o relutive

‘W\r&Sko\c\ (\mgc&) e.g’, o ‘hAe NO
r\efs\\\:or\/\ood> ) o bokh

- Pixels tHuat Pass the Threshold ave culleaQ
“exceedances" They are  capdidate "(’arje-{—g) clm-(‘erj
Byl

tiance of the

=~ Each time we feceve a

New (:MM&, there aye
‘wo *W"\:\S that heed.  +p

(De,. dm:
) Associate X ceedonceg with EX\'f‘Hv«j tracks and

Use the as¢o cigted Ekceedances as obseryationg
to update the ev)(rg—('mj tracks,

Z) Cm\eidm Star ‘Wﬁ new <racks ow any ekceealanrzs
-H"“f L{o not asseciate wit, a’vcadly exic#{j 4racks,
Gaﬁnﬁ; |
—Tkea%mdc 3&1"6“ 5 a rchmMju(ar window Cewferea( |
on the echimated position of  an existing truck o
a candidate new +rack.
— Let G be the width and \l\e\‘jl'd' o€ the 5&(‘6;

G pixek
~——

Gate ’ ' }EGP“@B

542




0

- We will ,gl('.Pu\\«’(e AT WAL omd W2 YT mMUum \)«\ues &r Cr.

‘TYP‘C““Y) the gute <size s vyavied Aurin3 'hrqdcinj,

- T)/FiCa”y)@or a New track) G starte out ot Gmax.
- N\'\y do Haic ? Cv(,zr?' the 3a+697%e)

- bor a Cav\d\'da{'e hew -Had(-, oy kv\awledge o€ the
True track positin is Aypically poor So we want

a \arge) or “Iovse“ 3a‘fe _’,D be sure we P»\C"\

Up all +the exceedences associated with
the tracle.

- For an existing track, £ the meacurements
‘M\Je not been agree,inj well with the PWA“(%‘ms/

We &\Qo wav\“lf a \arja aaf['e, ‘C'D\" the samé
Teasons e above .

= Fm’ an @)(ig»HV\j +rack wkwe; ‘HAe Mea«suremeM{’S
and predrctions have been in good

agieement, however, we want the gate 1o
be  Small, or « tight"

= Suce only exceedances within e gate

will be iacluded in the observed ‘HAfc"SLvo[c[
cq(cq/a’r,‘m/ a ﬁjw 341‘@ means less

] .
N)Se th the centroid caleuls tran,

h-43



Noke Henceforth, we consider only J”““/\"“"ﬁ @
W e \\ovi‘-bm’m\ divection. Verkicel {'rada\g

< av\cx\oaou s,

6030‘% and Ascociatjont Updal of eyictmg raclke

~For each e)us‘h‘mj ﬁack, we haye g prcde‘c—k’a!
OS't‘hm\ fe - C\/
F '\ Kk~ -
“When fome kg

rives, we apply the spatial filter
and ‘H\fegko\c\(g)

1 dedoct eyceedances.

- For each Yreck, we place the track gate at

the predictect location ?‘l: and Cow\pu"'"e

The  centroid of Hhe ereedmees w He gate,

This  centroid s the obcervation 2, fur the
track,

— The weasy lement noise aﬁsés Lo Hhe Cksdejfe
Ntute  of the  comern focal plane array
dﬁ%ecbr’, ‘H\exwa( hol‘§e/ K{V\d

imper fectron§
N Hhe ﬁq-'hhj

and turget extraction Processing.

h-44




C&w*ro‘\C\ Cal cu\qﬁm ' @

1\
Nhgerved 4
O\L z m E"\on

n
= 160 N\me(’dke Y(.,: 5?;4‘!1'4( C\le(
Ze = ‘K‘) - - d Ou('Pm#-
Z_ Euwmn /
M E(ale |
% N Y.' ) >/ T‘A L (5‘
W\\ere E; .= W n v'es o
N O ) otherwise.

N_ﬁ?j the standerd deviation of the exceedonies
N the qate is alsy  Sometimes used in
“H\e_ 'CQ[CO\ lal’im ofF 6'; )L‘\E 5afe size,

- For each @)(l‘?‘('ﬂj ""rackl {2}0 < wsed ac ’H\ﬁ
OEserva‘Hm te 1o \*F""‘('e the Kalman C\'H'er

Nek) Tra(,\', gkar‘\'S?

- In any ﬁ(v&vx ‘mee/ H/\@,re, 'May &e e;cceeoqqmes

That A notr Lall near  the gate of awny
8xis3v1‘th tracle (,‘.e., do net ¢

Caseo Crete ”, )
- A d@&au\‘k Si%eo\ 3011’6 1S 'P(ace& arouv\A guc‘f\ exteec‘ances
and ‘W@\/ {aecaw»e Comdi‘dM"&S -Cc( NI —Hach,

745



- Sine  cpurioss brighl opote May  OCcur due @
4o retleckions, sun glints, etc., we damtt
Sock o rew Yrudc right away,

— Tnckead; we tequire the candidate track
persict G some <mall humber of Crames

before we achq”y Sturt a new +rack .
This 1 Called the ((Persi:-lfan(e test” o
—the ((‘('ew\P(xa\ Carmsl:mdence tect’!,

Truce Coash nq ,

- Sometimes g ‘\'ar3e+ 16 tewmporarily obscured.
- In Vs Coase, here  witl be Wo exceedances

| N the ‘l'rack ﬁa‘fe of +he eséis-H‘Mj ‘rack.
-When thic occurs, we need o ‘wact! the track.
— Thic ivolues two SJ@F';;
| Open the track gate up fo the wavimum size,
2. AN\low ‘H«e State e?)uaﬁm +o evolve with
O \nput.
- I1f the  number o€ mssecQ Aoe\'ef\'ims exceecds
o Set \‘\w«\“\”, Then the ‘l’mck i< 'l‘erw\imfeo/, TLu‘g
S called “Hrack lbss® or “track deletien’

_ I+W‘7 be Welpfu) =+, regbr" e alwman Litley Upw reaqjuief\*cm.
<45




‘f Trade Crossings: |
- Sometimgs two "\'Mﬂe% wil| Cross one awncther.
L — When Paie Wepews, the track gates overlap.

= In twig Case, Y may hot Se poccil;le o resolve
the ndividua) ‘rarge'&!,

~ TW:} 5464’ ‘\’\MV\3 we cawn c\o $ coast {w—H/\ JWQC'CS
and hope 4 reacquite the torgeds when ﬂe? separafe,

- W\ay Ee \'\e\PG"‘\ ‘b ‘—69“‘"{' +he Kalwman Geuhs
VPN reacquigition

TVGL c\a N\e rﬂf :

= Sometmes two tracke wil cross and wnever
| Cowne oq:ari( again,

— In s cage ) we wmerge the “lT«(«Ls«

~ The stw\P\eg«L way A thic i< b leep the
‘}rack that bect agrees with +He observatims
and. delete +He other “yvack

"R s caled o “tpack merge ',

- Tt sbodd be noted T e \m&or\/ ot tha
Beleted tvecde Hrat X wes deleted due
T o merge . Laler offline andlysic of bothy

“tracks My revea | ingight Tnto what™ actually
ll\appemeA, 547



Truck Fitter (Kalwan Fitter ) B)

B The/ ’ L\.Or"%w"’;&, pPo sihen of ‘fhe +arje+ 1S |"c{<.'
- We W& the horizontal Udoc«‘+7 of the ‘t’afﬁer(’ Ya
Frowe by %L‘K = V.

- Sine we gre Assuming L ”Ca'th\'av\-(’ vel'aci‘{'y ' wudel

Leom Lrame R0 'QNMC) e FoSH’\‘M (‘/\D’f“!‘m&)) of
the turget in frome lex) is g iven by |

Le -
|

Kbl i‘{,\‘\'ﬂv\() (7\") (b:cmm%wu).

_.’ “W) \+ " OEV}'OMS “H'\a*) OV W\ﬁMX Craw\eg, "”{/\& V‘elotn,%
cannet Vewaln tyuly constant, Thys, we allow a
Swmal)  velodty dpi et Erown Erame 4y Lryme

Verl = Ve + U : CED)
Cwhere W= w'\/v\"ct“\le\odj(y drigt noise with
ELwl=0°

E[‘A\au\‘] = o"'ld\\c-i

- gr"\,ﬂé— we "\AVC WM ﬂe' S\,’MEO{ H\/K\\ -Ca’ TL\Q, '{'Wf\ﬁé{' Ve—lDCJ\'}'y/

Lewil ne U o the meacurewent woise (a

wWhke npice process ) with

E[hk]’O E[wkn;]zO‘
E[V\\(n\] = O—v\2 d\h'; .

= The OEs@rva"n‘m ¢ them qrven ‘3}’ [ iCK"'V\k . (—l’iﬁi“)

5-46




-The sy€¥ew \Mo&é/\ S ’olp\'a.imei | Ey wri‘h:\? @
&bwthw\s (*) (,H’)) and  [F¥¥) on Page b £9
tDﬁ&J(\'\gr i~ wmatrix Forw e

\Vm’} \_0 ‘][ ( N
= __E‘ o) YC“} ¥+ Nk

~with reterence kp equations (5.51) and (5.5.2) in
the book, we heve

e
W = [SA
He= (Vo)

Ve = Ne

1o K"

- witWh referene 1o ec()uu+'bns (s.5.3) and (5.5-4) ™ the

book, we have
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- A“' ‘<2~2) Wwe. w\easuw’& Z.q_; '\E-;_f V\-L ’

~ &t k- " ~
k=-1, wg weasure 2, =& +nn .

\4
= We take \j = 2

2o ~2-2 « nete: the dueugieg veduces
AN the effects of thae
weacurement noce Ny -

A
avd Vo,

— Thig qives US

i\
™
(\M
S—
< ——
Coown
S
(
\/J
~—
-
—
Pl
v
'

& o
L te

| W
\_/
—ﬂ
NV an\]
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/‘\C
\gl - ‘-'(

A
V- = Ve

-— V—‘ -

—-— t c
15— 2oy

|L—l - C{el-\'n—\
=z -N. U‘)

- V—] - ZA "AE-':.

¢ r e ) - (ie, +n. 2)
A

UE.-{E,_) t (n-.—V\.LB
A

[Litr AV-'L)!" l":‘z_l*r (n- —n.z)

(!

V., -

1\

V., -

A

:<V-*2.+u"‘) - -‘E (AV-L*“—;‘ o

t{

Ny - N-
V—'}_.\— u-'z - V__z - —.—\—-————z‘

A
Uy ~ s XPZ (f\"’?)
—_—
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-*Nu\eﬁ wse the results on peje @ o @
compute  The quantiries needed w eguatiao ()

on page ()
e[ty ] = B[y = Elm] = ok ()

E[(\‘ e (v\—v }l- E[(n\)(uz o - y\,,)'l
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FZO‘V\L iﬁl.\,Ao-v?- \ O O O
= | gn > A | t o of
vl o 3
A T_:-\-O'v _
- 1 .2 30’h 'L_‘
Sovt + A%y TTAO’V . [O o ]
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A2 | _J
— 3 l
o2 + Nou* -% + Aoy*
30"2 | 0"' 2
= A Z(z’:”‘v) ,

—> We ave now ‘reaAy o enter the kalman
‘L\"He/m’lﬂ \GDF Jven in Fig. C.%9 on Puge 29
of the beple- |
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- e will wow loo wore  cosedully ot the @
equations i Fig. .6 and see Fhal, 1w this
ase CM\;*aﬁ ve,\ocﬁ'y ‘brf)e(' Mode\)) ﬂey
veduce Yo the well = apon ()L«(} Bllker s

- We {;&3”\ with

A be- A
Ik {Lt } + Ky (2e-157)
Ve Vie e
L=) D.‘g.qugeme4+ Ee{'weer\
observed position andl
predicted positien -
- We now wnite k\c: [ét] %0 obtain Scalar Q%ua\tl‘mf

LW‘ 'H/\e QS\WozjﬂgeA\) o uu\Pdat\eA“ eﬁmﬂes of +he
St¥e vertur entries:

A

&= A\ff + oy (ZK"?fc_)

(*)

\'\/K = \;\K‘ + @K (ZK‘QCV:>
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— The “update’ or aaa‘ma b equation Cer tha
Predicred Sate veckor 1§

9\,;\ ¢l< )Q\( (,5'6’23)

- Fr our “lonshnt velocity " mode), this ques us
) LA
\)\F.H Y
[

- Or/ 05 Scalar e%uaHaA S,
N A A

A

Voo = Ve

-Cam\q‘n‘mj (¥) above with @) on F5.55 we cbtuin the
C\ASSICQ\ &'Q -Cq\‘\’gr’ eb,u.c&f.ms;

= g + @k@n (¥+)

"
N - A
e =19+ AV
e AK
-2V
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— Now we wust addvress the cmpwmﬁm of @
The so-called “Kalman qains” . and B

NOTE :
- B o Peqe 55 Aves ot C\@&A o Ha
observations 2 -

[ Kem R CHeRT HE TRK)./ ($.57)
Re= (T Keh )R- (s.5.22)  (#)
Fh: = (DK PK QSJ-\— QK C$.7.15)

= The Kalman qQainsg depend on Fredtc*ecﬁ
Stufe vector exvor Covariance watriy, bt nef
C\\‘ru'ﬂj M the obcerwatins,

= The Preo\tc%eci shie veetur ermr covoriance wmatriX
dﬁP@’\AQ o the Oilered shate vecdor o™
Covariance wmatrix, but act Jirectly e Hue
observations
::> Tke_ CIH’QFQA ‘9‘&6{'{'6 Vec {’or exvo( cCoNoviav Q‘vv\,a;v/‘)(
C\QP&A&S on the Frcd icted state vectyr e/rrar“
(oVay jance. Mﬂd'v*(‘x QV\_A oA '('\Ae k«,wéw fﬁlfj

hut Aot ah‘rec%/j on e observating.
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= Thus, s—hr%\‘nj with the expression L B
on Paye 5.54- aml 2+exaﬂn3 @Wﬁrmﬁ

(r) on Peqe 5'/57) we See thut NNE  of

J(\'\L ka.\mav\ 30\M§ GLV\A ?&a‘l’ﬁ U€(+0f' ervro

Codoriance  wautrices Wil ever depend on
The 0‘:5% va*‘\"’m(?

= This means that we can PRECOMPUTE || Hua
Kalman qains o€€live and Shtre thew m
o '@(}e,

=) Twplementation ot the Kalwan Eilly 15 Fhen
- reduced o Processing the observations
L using equations (+4) on pege 556
5%\{;’3& To Tthe nitial conditions

S
1t =2 A Z-|
‘ - Z ' => x_' = (}_' _5’2]
A - %-' —%“L ___Z—-
Vv) - A 7

: A
A oA {l A]\-qu
X; = bk = st )| ¢

g\\)@\/\' on  Ppaqes S\SD and. 5,54. ’

;.S%




Cuw\m-hjrfm of Tthe Gau‘v\g; @

_ RO B
— .t S K
Lt R {Pk(z,\) P (2, z)]

b I R-00) ROn)
k- F\g—(z)‘) R (2,2

B T\"@ ?L- Weration ‘\V\i‘Hq\QeA with the CXPressian QW‘
PO— aNen  on peqe 5,5-5-

- Kédwxm , aae\{\é ‘

-]
Ke= ROHe (H RO U +Ry ) (5:517)
-|
—-0(\( _ -F\c 1) Pk. Olz)}[ } [ 0] Pe (1) P\(,U'z) o2
L@J L& (1) R (@) [Pw,r) B2, 2>][ ] "o
-l
_ P\L'O’DJ LR P\JU’Z)] {'] t (fnz)
= _ 6
PL CZ,I )

F\b (h') ) (P\L (/)”) +0"y\
Pz, (2)))

[ R Onn)
R (1) ¥oru?
ﬁc' (21)

’ Pk‘- C\/l) ""UMZ
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— Fltered Srate Veckor Ervar Coveviamce. Matriy |
Beo= (I-Keh )R~ (S62z)

Petit) B u2) : [l o],[%k_] [ =y Bl R(12)
) Rebia) ° P Relat) PLlaz)
- [l o] _ [«K o'J P () PO
o P O 1 J| Bolan) B (22)
_ [l 0 [mw RL12)
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—Redicted YXe Vecdor Cevor (overiane. Mabyig:
e = B BBt Qe (5:5.25)

| Rl R0 [ l A‘&[mtm ReLi) ) Ty O] +(o o]
Peec (21) B, () o ' J{ Rla)) Blea) | (A 0 Oy

- fmmmw.n RO AR 22) ||V © 1 4 (:'o v ]
T
P\L(?u\\ Pe 22) Al ° oy

‘, PV; ) = B Uy fMKLz,Q + AR (12) +AQRCL2‘7.) :\7‘6&(.)) +2Ap>k(\(z)

B (h2) = R (i)« AR, (a2) (¥) £ARetre)
Pb:\ CZH) -t Pk (Z,I) + QR,LZ.Z) = F‘L U(‘L\ + AP‘L Lz.z)

B (22) = Rlez) +or?

Note ¢ For  (ovurmme Mabrices, Ny (21) element aud
(12) elowment wuet ke equ-L,
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,v Beﬁm V\}\+\/\ "DO'
2. k:'fO

GS fy\;@n an Pese ’;S‘{-

r—-———) 3. CMPUL‘\‘Q de and @\(, \LSW:S (¥) o pPage 5,60
4, Compute. P K. Usnq (k#) an page 5.60

g COW\?\,C\'Q P‘Lﬂ \)g\v\s C,\n) on ?Qﬂe gé(
b. le=lex)

|

*'TYP(CA' v, the Kalmen galus will W‘P'd/ Comverge
To asymptotic values,

~— The t‘?@mhm Ct')ove V\cﬁd a4 (26 Cakna{ ot

unti] Comversyence Occuf)’
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Ao puptotic Behovra @ ;
- \Je wm(d \"Q TO lﬁl\ow ‘cw §ur\‘i W\\«&/\ ‘H«.O..
l(o\()man ﬂm\s \'er Com Uerjea{,

vT'Au&/ f+?; o€(‘-\f6rﬂ/( -+, (‘owpu'f’@ ‘/—AO_
assymptotic valves o€ tha gamsy.

— E‘C U’) N 5/é0 C &N be QM‘-:Hp‘(’ufeg[ 7’1—{‘0
(xx) on 5.60 o pbtain TDK i Tems
ok B,

— The al:ave r@SuH’ cav\&e <VL\>S’L€ ’l'M‘E@J "'4+C)
(¥) o 561 ¥, 6@‘*‘ ST terms o€ R

ST the Wit o l<va, R = POE R
v lugqing fwig o the above Gives three
etf)uuﬂwg W) "H/w,gg un lenows P\,);(I,')/ F«TCZ(L)/
and  Pa (12)= P (201).

E / ' . can ﬂ@“ ’Le
— These Can BE soled. The ép@ﬁm
F\ugqedinb (#) on 5,éo 0 solve Cer
-—Y\r\Q 05\/mf>'fo+ﬁc 3"'“”5/ 0(400“4 @M\ 6’&63




NOV\WL\i{'e Farc(nj Fuwnction

~-This example is frowm Sockion 5.7 of the ool

— gktfboard IUS)‘ WwWe wish 1o ‘\’md( LS
Aw('&.

¢ = longitude  position eppu ( E-w)
\#)y = latitude POQ?J("'W\ Crroe (M’S)
\}‘% = La%»‘wm'ﬂ«al C}(‘ro(:' -~ jbx tan (laﬁ {’uAe,)

Q)( = Leos (,o—di{'ua:,)
gz N sm(Lutitude)

X= North axs
y < west  axiS

2= Up ayrs
6;(, fyj tx = T NS qgyro a[rr'f‘lt r‘arQS,
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_ The €exvur c\yuawfcs are. caeuav\ B/

‘;ﬁ:/ 24 % t &
7;,)'; __,ﬁ%»& +‘O‘X¢i +€>¢
(/;."— "_Q-x%y -\—i;_

- Fr stife eria“as/, we take '7‘)1, -Sﬁ,) ‘/’3,
_we cenld write Hae, stale Mer‘

s ) — - -
r%{ 6 N; 0 ) Py —\ x|
% = |2 o ¥y |+ 4
) O - €2
w‘l’g) L O P kY y

- The ’PTOH&M\ w\‘(\t\ ths 15, ‘Hae Clv*:‘fJ( fﬁ+ﬁ’§

Ex ) &, & c‘/\aw&g \)u\/ Q'ow'y " "“W‘e.,

) Tke/ ate  pacl L;bwy celf- carremleca
OV slot  +ime wteruals

—> S the above \Mode’ doesi't S"'L“S‘[7

H\E’/ ((UUI\C(N felq+ed WC?V\I] 'Cul/\[‘h‘om L Ve%w\@«aj’
ok the  Kalwen Gl rey. 5 65
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'Bud—’ , ZY) %é ave CKPCC%QJ o be
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AN
- "\}ﬂ 36{' a(‘D(AV\A '{1\& ‘FWL\@MA -Lj aﬂmj QX/ g_),/ fz
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- (ya:\m”y) 'Cv( a kav\w\\i)fe ‘Gr«rdU\J @qu‘ml

we Can 'C\“'\A thy ask“Pt“j Liter™ thaT

celafes The  mmwhite  Lunckion 15 whide
WolsS e,

— We can then use uhite woise as the
systemn \wpul,  earparate the nomunite

ﬁ“’”") Lanckion it e skt vectov,

a”A add the Sl«apiv\j Elter e%uafv‘oms
16 Hee Sy Stemn e,%w-rrms_

- A similar F(\OCCdUUFQl can be weed L

LU w\;\f\'t MC?{S Uurew &/\"‘ holse.,

| Rewove howwlite v, entries  Grann

T HeXpt Vi

Z. ’P‘-d' the Cemoyed enmtries mo 'Hu H-u'}e
vector

3 Add W\A\¥e wolse Cv\‘h\eg ‘\'o We auol )
404 the \re;tbutfec( S\Au?\'/‘j Q\-\-er equaTs
-to the &)‘S"('w ’966044+¢M5 -




ConbdiTlogAL Density V'EWF‘O’NT

— Section C-3 | of the book <Starte 45 hont

avound ‘e ac{u& ov*ﬁ M«.Q Kalman (‘.’I#e/\
Solution a |iHle kit

- While Wt s not Said i the EOO}‘/ s is G
related to +the innovations P rocess amd fhe
Of"{"nojov\ ad)f TLy pPrinc "fle :

'-—A-}C"\qp. 5 up t here M a M("‘Sl«é“t

- Usnal g \Gll%,\mbﬁew S\z.'(‘awem"'
2. Assume the o prori predichiar £- is
gy‘uw - °

3. Assume. ’ﬂwﬁ' ’QK TS /‘near/y rak‘f’eo.

to Xz and 2, Fid MMSE FRinS

= This s a quite restricted wotion of fhe
ka,man -p,'l‘f’er. T ‘CM"'/ 7"{'\& .Ka'wam

N“@f & wuch wae fawerﬁu( and wuch
Wr@?r"‘é"‘”‘d tun tHhe above ivmpf,;gi
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—leve s the Jevebpment given ‘w He baske
wr T Sowme OAACA OQaVQ-@\Ca‘I‘fMS '

— Assume the  standard  Kaluron Pméle,m S"l'qfeu«ev(t
and Aassume Purther +hat He (aput moise Wi

le meaSurement Woise V. are wasSu’cﬂ.

— Lot Z’,‘; be He Vectwr of all observatims Prom
time O up wntil time ki

2 [az. =]

— kee,pinj all the notation Qno\AawjeJ G earliey
in e chapter, e hve the true shte
Vecrter X and e £ilkowd estimate '7Ac,<

(as Jet unspecified).
- Notz: | 72/& c/oesn’+ céepeml m e true X,
| 72& c(eremls M !7 v The ,o/\[rervdl/‘ms‘ Zr.
— Y, COV\AH/‘MEJ o 'Z:/ X s
deterwinisthic , hot Slochssdic.
~ The MSE ,4 7’2,: conditioned on -Z't_ S
E(_(X;‘ Re) (= %) {Zt ] - E‘[XZXK ) XI>'<K+>?IX.<+ A

"k

__5 |
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- E[xx 2! :,“ c [z ] A ’A(KTE[X") Z:j
| + Q,Z)?K CC'?")
( c”"‘"P ’QQ .H,‘e_ s%uart )

= E[x xglaﬂ ! {ﬁk" E (X2 ]} T{XA "’E[x‘)%ﬂ}

- e[t Je[xe |zt ]
(5-%2)

= Onlj He widdle Yerm deP@/\AS an 7?0:.

= In alesf@m'w.j an o/:-meﬂ 5&) We can
mlj hope 1 mpact the middle ferm.
= The M?c’c“c' term is miniwmized Aj CL\Oﬂﬁ"’j

Rz Elxelgt]  53)




~Let Xy = X l(f]""@"‘” zt——v

= Xk (av\d\"’\‘cmeol N Zt_l .

e Ry = G5 Gt - 43 )7

“Then Xy, SN (X R (5e.4)

h
“is distributed !
— Sinee 2y = HKXK+ Vi (5.8.5)= (5.5. Z)
we L\ave_

2, w/{/(HK 3?,:} He P, HJ#-RK)
- AlSo) it 1S clear that

F( 2| sz—z) ~N ( Hx Xk{k,y’QK ) (5:8.7)

— blc Mmee Y-t 1s Enown ) the crror

covariance Wm‘H.‘x Pk- contarns al’ tervs,
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— App’y/'nj Bayés mle)
| Z
F('Xklk—l [zk> = P( KIXK'H) P(Xm-'_)
P ()

(5.8.9).
— Av\a\y*}icva Expresseng ~Q;r each Cﬁuqnh‘"f
N the RHg 6')[’ (S'&f) Were UG g
PAGE S.70. J 7
= Now, 1t may be seen Hhat the
conditionad R/ X |26 0 5.8.5) &
‘.Awﬂc«g T the opt

imal  estimate
R = E[xklz.*::} (55.3)
m page 5.69. |
> The density [distrbution of the apﬁ’qavd

estimale may be Compule Using
[€i ';fi) 460[/&'

PAGE 5. 72




There. results:

=[R2 RO RIAT (R +R) Tae i)
(<-8.10) = (55.8)(55.17)
Cov (%) = [(R) " iR )™ (s5)

nontr w«ﬁ

———

(I" KKHK)P):_ (5-5'-?—'2-)_

::>This 1s the Same answer” we gn‘ be(ﬂfﬁ
\h Section 5.0

— But l!\ere) We A\o\ V_\gj assume ‘\’W\j”‘l"/\e—
estimator had 1o be Qinear

:-> F:mf | @&stian S-"a‘l’«‘s-ﬁ.‘cs o Wy anﬂl Vk y
(he  [<alnan —@/7‘6/ (s ﬁ,_@ 0P+2m4(
\’i‘hmd’o _ Pff.'_?-?( ,

—> There is g be e esfimaTor, imo’uJM)

all po“"“& 'Mear {{_{_W/ hon/z'uear‘
€S+;wm"‘o\r5.
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— MorgoVéC _Qr Gaussian Shf{s#cs Y
A
Xe = E EXKIZ:‘_]
is Q,QSO ‘H\e Mexiwmium L;kao‘lﬂd eg(,‘mq'}bf.

— Tt oceurs 4 the mode (moximum)  of-
“+he al:s%r:‘bu*im (which i¢ WW“""J"-QJ\

A
~’Tke,re-(:a~rc,) Ky also  minimizes the

expe(—h»d Va ,u& of PWCJ.' a//y mj}
nowdecre ang  Lonction of (x, - X ).
=) Thus , W\AM Gavscran ctatistics y
the K(«,Wm” 101171@' (s op‘f‘/'mu.a

— n the MMSE  rense
—n the MMAE senge

]
f

ete.
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